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INTRODUCTION 
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tain  types  of  stochastic  differential  equations  in  infinite  dimensional  spaces. 
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graduate  students.  I  have  freely  drawn  on  some  of  the  existing  work  in  the 


field,  especially  the  pioneering  work  of  K.  Ito  as  well  as  some  extensions 
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LECTURE  I 


COUNTABLY  HILBERTIAN  NUCLEAR  SPACES 


In  this  lecture  we 'introduce -Countably  Hilbertian  Nuclear  (CHN)  spaces  and 
give  some  examples  to  illustrate  why  these  infinite  dimensional  spaces  are  con¬ 
venient  for  the  study  of  some  practical  problems,  e.g.  those  occuring  in 
stochastic  evolutions.  -  - 

Let  $  be  a  (real)  linear  space  whose  topology  t  is  given  by  an 
increasing  sequence  n •  D  r  e  N  of  Hilbertian  norms.  Let  *r  be  the  Hilbert 
space  completion  of  ♦  w.r.t.  n*i  and  assume  that 

00 

*  -  r\ 

r*l 

Then  ( 4>,  r)  is  a  Frechet  space  with  metric 


p( ♦  .'!») 


7  i 

nil  2n  1  +  _  *■ 


and  (<t,p)  is  called  a  Countably  Hilbertian  Space.  Since  for  n  <  m 


«<Mn  <  l  ♦  <j»  e  * 


then 


<6  C.  <t 

m  _  vn 


m  >  n. 


A  countably  Hilbertian  space  #  is  called  nuclear  if  for  each  n  >  0 
there  exists  m  >  n  such  that  the  canonical  injection  i:  *  is 

Hi lbert-Schmidt  i.e.  if  1S  a  complete  orthonormal  system  (CONS)  in 

*  then  we  have 

ii 


1 

j*l 


<  ®. 
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Let  4^  be  the  dual  (Hilbert)  space  of  4n  and  for  f  e  let 

afi  =  sup  |f[*]| 

since  for  n  <  m  141  <  i d> t  then 

n  T  m 

4'  C  4'  n  <  m. 
n  —  m 

Let  4*  be  the  topological  dual  space  of  4  with  the  strong  topology,  which 
is  given  by  the  complete  system  of  neighborhoods  of  zero  given  by  sets  of  the 
form,  {f  c  ip' :  if  lg  <  e},  e>0,  where, 

■  f»8  =  sup  { |  f [ 4>]  | :  $  e  8}  B  a  bounded  set  in  4. 

Then 

00 

4'  =  U  4*. 

n-1  n 

It  is  important  to  note  that  this  topology  cannot  be  given  by  a  countable  family 
of  semi  norms. 

Suppose  there  is  an  inner  product  <*,*>^  on  4  which  is  continuous  in 
the  T-topology  of  4.  Let  H  be  the  Hilbert  space  completion  of  4  w.r.t. 

Then  the  triplet 

4  H  C*  4' 


is  called  a  rigged  Hi lbert  space  or  a  Gel fand  triplet.  The  Hi  1 bert  space  H 
may  be  one  of  the  Hilbert  spaces  4p  defining  the  topology  of  4  but  this  is 
not  always  the  case  as  we  shall  illustrate  later  on. 


Example  1.1  Let  Jj(R) 
The  usual  definition  of 


be  the 
/&R) 


space  of  rapidly  decreasing  functions  on 
is  the  following: 


R. 
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7SS 


ra 


♦  e  J^(»)  iff  ♦  eC*  and  sup  |x°V  0^(x)  |  <  «  a, 0  e  N 

x  6  R 

and  the  topology  of  /§(R)  (Frechet)  is  given  by  the  family  of  seminorms 

{l$l  o  =  sup  Ix'V0)  (x)  |  a,  S  e  N}. 

,p  x  e  R 

The  space  fa  (R)  can  also  be  defined  using  the  following  sequence  of 


Hilbertian  norms:  Let 


V*)  ■ •'2/2  <  k  >"  ^/2 


g ( x )  =  — —  e-*  ^2. 


(1.1) 


Then  the  sequence  of  Hermite  functions 

+ 1  ( x )  ■  /gOO  (n! ) 1/2  Hn(x)  n  >  0 
is  a  CONS  in  L2(R).  Then  ([5]) 

J2(R)  «  (♦  e  L2(R) :  a*«2  <  -  Vp  e  R}  . 

Let  £p  be  the  completion  of  fa  (R)  w.r.t.  fl«lp,  then  Q  =  L2(R) 

%  p  C^q  P  >  <1 


%  (R)  -  £  ^ 

%W'  = 

The  Schwarz  topology  on  fa  is  the  topology  determined  by  {j»i  p  e  R}  or 
equivalent  by  the  countable  family  {a*np;  p  e  N}. 


•« 

'P7i 


Let  f,g  e  %  ,  then  for  al  1  p  e  R 


lf[g]|2  =  II  ^.Vo^.Vol 


(  l  <f*  Vo(n  +  \  )"2p)(  l  <g.  Vo(n  ♦  l  )2p)  =  H*2  ig« 


2 

P  "  P 


which  shows  that 


1 


p  is  the  dual  of  ^  and  therefore 


p>0 


Finally  since  for  any  p  e  R  {(n  ♦  £  )‘P*n}  is  a  CONS  for 


then  if 


p  >  q  + 


l  X"  *7  )'P*nl2  ■  '  (n  ii  r2(P-^> 


<  * 


n=l  "  9  n=1 

i.e.  the  canonical  injection  %  ^  is  Hilbert-Schmidt  for  p  >  q  +^. 

Hence  is  a  CHNS  and  if  H  -  L2(R) 


%  (R)^*  (R) 


is  a  rigged  Hilbert  space.  (R) 1  is  the  familiar  space  of  tempered 
distributions. 

The  following  observation  will  be  useful  later  (see  Remark  1.2):  If  L  is 


the  operator  on  H  =  l2(R)  defined  by 


.  2  2 

-L  =  - _ *_ 

dx2  4 


then  l$n  =  An$n  where  An  =  n  -  j  and  for  r  >  ^ 


I  8(I+0"%j52  *  l  (1  +  M’2r  =  l  (j  +  l  )'2r  < 
J=1  J  j*l  J  j=l  1 


-2 r  _ 


(1.2) 


In  these  lectures  we  consider  the  following  model  for  deterministic 


evolution 


Model .  Suppose  we  have  a  rigged  Hilbert  space  *<^>H  on  which  is  defined 

a  continuous  linear  operator  A:  4  +  4  and  a  strongly  continuous  semigroup 
(Tt)t>o  on  H  such  that  the  following  conditions  hold: 


a)  Tt»C  } 


V  t  >  0. 


b)  The  restriction  T  I  :  4  -»  *  is  i-continuous  V  t  >  0. 

1  4 

c)  t  +  Tt4  is  continuous  V  4  e  4. 

d)  The  generator  of  Tt  on  H  coincide  with  A  on  4. 

If  4,H, 4'  are  already  given,  (a)-(d)  is  a  restriction  on  the  type  of  Tt  that 
can  De  considered.  However,  it  is  important  to  observe  that  in  practical 
problems,  physical  considerations  give  no  idea  of  the  rigged  Hilbert  space 
4  <=*  H  4‘  and  only  the  Hilbert  space  H  and  the  semigroup  Tt  are  naturally 
given  in  the  problem,  and  hence  the  Schwarz  space  cannot  be  chosen  in  advance. 

The  following  example  gives  a  method  of  choosing  4  and  4'  wnen  Tt  is 
given  and  satisfies  certain  conditions.  Then  we  will  introduce  some  examples 
where  we  can  set  up  an  infinite  dimensional  stochastic  differential  equation  by 
choosing  4  and  41  suitably  so  as  to  satisfy  the  above  conditions. 

Given  a  rigged  Hilbert  space  4<::»Hc:♦4,,  a  semigroup  (Tt)t>g  satisfying 
the  above  conditions  will  be  called  compatible  with  (4,H,4‘)  or  equivalently 
we  will  refer  to  (4,H,Tr)  as  a  compatible  family. 


EXAMPLE  1.2  (A  class  of  examples  of  (4,H,4',T  ).  Let  H  be  a  real  separable 
Hilbert  space  and  A  =  -L  be  a  closed  densely  defined  self  adjoint  operator  on 
H  s.t.  <-L4,4>h  <  U  for  4  e  Oom(L).  Let  Tt  be  the  semigroup  on  H  deter¬ 
mined  by  A.  Further  assume  that  some  power  of  the  resolvent  of  L  is  a 


«v;  .  _  .........  .............. 

* .  .  ■**,  / .  .  v.  .*.  y.  «"■  s  .  VV  1 "A.  •* .  ^ *1'. 


%  %  • 
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77,' 

v.1 

JS',1 


VTVWV  TJH  W  \JVX n,  vTST 


Hi  lbert-Schmidt  operator  i.e. 

-j  -r, 

j  r^  s.t  (XI  +  L)  is  Hilbert-Schmidt  (1. 

This  condition  helps  to  find  an  appropriate  CHNS  $  for  the  model,  as  we 
shall  now  indicate:  it  implies  that  there  is  a  CONS  {$.}.  in  h  s.t. 

J  J  ^  A 

L*o  ■  Xj*j  *  j  1  1 

and  0  <  X^  <  <  . . .  .  Take  X  =  1  and  define 

*  a  e  H:  1(1  +  L)r$i*  <  «  Vr  e  R} 

CD 

=  (*£H:  1  (1  +  X.)2r  <$,Vu  <  ®  V  r  e  R}  (1. 

j=l  J  J  H 

Define  the  inner  product  <*»*>r  on  $  by 


00 

,  :*  ^  (1  *  Xj)2r 


Let  4>r  be  the  n*ir  -  completion  of  $.  We  then  have 


-  n 


v.  *■  -u  *■ 


and  for  r  <  s,  H«r  <  «$«$  and  so  $r  with  *  =  H.  Condition  (1.3) 

implies  that  the  canonical  injection  *r  is  Hilbert  Schmidt  for 

P  >  r  +  r1  and  therefore  4  is  a  CHNS. 

For  each  r  >  0  and  $r  are  in  duality  under  the  pairing 


hC$]  :=  )  <n,$,>  <*,*.> 


n  e  t  _ .  <6  e  $ 


is  a  complete  orthogonal 


and  therefore  $_r  =  We  also  have  that  Ujlj^ 
system  (not  normal)  in  $r  for  all  r  e  R. 

From  now  on  we  will  write  <«,•>  =  <*,*>u  and 

0  H 

"  -2r, 

91  =  l  (1  +  X.)  <  -  .  (1.7) 

j  =  l  J 

Now  we  shall  prove  that  the  semigroup  T  satisfies  conditions  (a)-(d)  for 
our  above  model  for  deterministic  evolution: 

Condition  (1.3)  implies  that  -  L  generates  a  contraction  semigroup  T  on 
H.  For  $  e  *  and  t  >  0  we  have 


00  -t  X  ■ 

T  *  =  l  e  e  * 

j  =  l  J  J 

wnich  implies  (a).  Next  for  t  >  0  and  <j>  e  $ 

w  -  2t  A  •  00 

aTt*“r  =  -l  e  j(1  +  Aj)2r  <  .1  (l  +  xj)2r<<f>.4»j>S 

J  1  J  ~  1 


=  »*»; 


Then  since  4^+0  in  $  if  and  only  if  « n  r  0  V  r  e  R, 

^t'^V  *  0  V  r  e  R  *>  Tt4»n  ♦  0  in  * 

and  therefore  condition  (b)  is  satisfied. 

Now  for  s,t  e  T  and  $  e  4> 

•  -t  x .  -s  x  ■ 

jTt4>  .  Ts$j2  =  ^  (e  j  -  e  j)2  <$,4»j>2(1  +  Xj)2r 

and  for  each  j  >  1 

(e  j-e  j)2<*,tj$2(l+Vj)2  <  4<*,*.>J(1+Xj)2r. 

-tAi 

Since  e  is  continuous  on  t  for  all  j  >  1  then  by  the  Dominated 


convergence  theorem 


1  im  IT  *  -  T  i) u _  +  0  H  £*>  r  e  R 
t  *s 


which  implies  (c). 


Now  to  prove  (d)  let  <p  e  t  and  define  $  =  \  <#,$.>  Then  *  <p 

j =1  J  0  J 


on  t, 


"L*n  =  l  =  -  l 

j=l  J  J  J=1  J  J  J 


and  for  m  >  n  and  r  £  R 


1  l  ~ >0 4>i  I*  =  l  X2(l  +  Xi)2r<^',^>?  *  0  as  n,m  *  ». 
j-n+1  J  J  0  J  r  j-n+1  3  J  0 

oo 

Hence  if  <p  =  -  ^  \j<$,  $j>Qipj  we  have  -Lipn  ♦  ^  on  <j>.  But  since  -L  is 

j  =  l 

closed  in  H  and  »•!!„  is  ^-continuous,  then  <j>  e  Dom(L)  and  \\>  =  -L$ 


<J>  e  i,  i.e. 


«-U«*  <  V  $  e  *  r  £  R. 


Hence,  -L*  C  *  and  -l  is  ^-continuous  which  implies  (d), 


Remarks 


1 .!»  A  compatible  family  (*,H,Tt)  or  (*,H,L)  is  called  a  special  com¬ 
patible  family  if  the  generator  L  satisfies  condition  (1.3)  and  <t> 
is  constructed  as  in  Example  1.2,  i.e.  $  is  given  by  (1.4). 


1.2.  The  Schwarz  space  J?(R)  of  Example  1.1  may  be  obtained  in  the  fra¬ 
mework  of  the  last  example  by  taking 


and  {<)k}  the  Hermite  functionals  given  by  (1.1).  Then  from  (1.2) 
we  have  that  -L  satisfies  condition  (1.3)  for  r^  >  ^  and 
( &  (8)  ,L2(R)  ,L)  is  a  special  compatible  family. 

The  following  example  occurs  in  core  conductor  theory  and  will  be  later 
considered  in  connection  with  applications  to  neuronal  behavior. 

EXAMPLE  1.3  Let  H  =  L2([0,b],dx)  and  consider  the  deterministic  problem 

-|jr  =  -oV  +  6AV  t  >  0  0  <  x  <  b, 

( ct,  6  >  0  constants  ) , 

V(0,x)  =  vQ(x),  (I) 

f  (t.0)  -0. 

Eet  (T^)  be  the  continuous  contraction  semigroup  on  H  defined  by  (I),  i.e. 

b 

(Ttf)U)  =  S(x,y;t)f(y  )dy  f  e  H 

where 

®  \  t 

G(x,y;t)  =  l  e  n  *  (xU  (y) 
n=0  n 

Xn  =  a  +  3(  ^  )2  n  >  1,  (1.8 

and 

*n(x)  =  (  §-  )V2cos(  ^.  )  n  >  1 .  (l.q 

Let  A  =  -L  be  the  generator  of  T  .  Then  (I)  has  the  solution 
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b 

V(t,x)  =  /  G(x,y;t)v  (y)dy  ,  t  >  0 
0  0 

for  vQ  e  Oom(L). 

Now  consider  the  stochastic  model 


3V 

3t 


-aV  +  0AV  +  W 


t,x 


(1.10) 


(ID 


where  Wt  is  a  Gaussian  white  noise  in  space  time.  We  shall  show  how  to  set 
up  model  II  as  a  ^'-valued  stochastic  differential  equation  for  a  suitable  defi¬ 
nition  of  $. 

For  Xn  and  <$>n  as  in  (1.8)  and  (1.9)  respectively  and 

,2 

L  =  -al  +  0A  ( A  =  2 —  ) 

dx2 

define  $  by  the  method  explained  in  Example  1.2  i.e. 

00 

*  =  U  C  H  :  l  (1  +  <  -  Vr  e  R} 

j-1  J  J 

where 

b 

<♦.♦>0  *  J  ^(x)t|»(x)dx. 

0 

If  P  >  m  +  j  »  since  {(1  +  a  +  s(  )2)"p$n}  is  a  CONS  for  * 

l  »(1  +  a  +  S(  )“p*  I2  =  l  (1  +  a  +  B(  ))-2(P"m^  <  • 
n=l  o  n  m  n=1  b 

and  then  the  injection  map  ^  C,  is  Hilbert  Schmidt  for  p  >  m  +  . 

Hence  ♦  is  a  CHNS  and  is  the  linear  space  of  all  infinite  differentiable 
real  functions  f  such  that  f^k^(0)  =  f^(b)  =  0  for  all  k  =  0,1,2,...  . 
Furthermore 


v.v.v  , 

**  m  9  m  »  . 


v  .V  ooVV 
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jfv; 

i 

a) 

T  «  C  4 

b) 

L«  C  $ 

w 

K*'. 

k  ■  , 

c) 

L  1  $  =  (-«!  +  3  A) 

1  1 
and  tne  operator  (XL  +  L)  1  is  Hi Ibert-Schmidt  if  r^  >  £  : 


ao  _f>  oo 

1  H(XI  +  L)  Vi?  =  l  (X  +  a  +  B(  ij 
j-1  J  J=1 


))  1  < 


Now  we  indicate  how  to  set  up  model  II  as  a  ^'-valued  stochastic  differen¬ 
tial  equation.  We  proceed  heuri stical ly.  From  (1.10)  we  have  that  (II)  can  be 
written  as 


dt  Vo  =  "Tt  Lvo  +  Wt,x  * 


Define  for  t  >  0 


then  for  i>  e  <J> 


^[♦J  =  ^  V(t,x)$(x)dx  $  e  *  , 


dt  = 


/  -fr-  *(x)dx 


b  b 

LV(t,x)4»(x)dx  +  ^  $(*)wt,xdx 


d^.[t3  =  -f^CUJdt  +  dWt[*J 


(1.11) 


where 


wt[ 4»]  :»  /  t(x)  W  dx, 

Q  L  ,X 


(1.12) 


^0C  1>3  =  ^  v0(x)4»(x)dx 
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Ewt[$]WsO]  =  min(t,s)<4>,«|)>H  for  e  *.  (1.13) 

If  on  *'  we  define  by  T^f [♦]  =  f [Tt <<»]  for  f  e  *'  then  L* f [<J>]  =  f[l$] 
and  one  may  write  model  II  as 


<*£,.  ■  -L‘  ^dt  +  dWt 

and  (II)1 

£0  given  as  above. 

where  is  a  ^‘-valued  Wiener  process  with  covariance  <*,*>^  as  defined  in 
the  next  section,  and  a  special  case  of  a  i'-martingale. 

Model  (II)'  is  an  example  of  a  ^'-valued  linear  stochastic  differential 
equation  for  which  we  want  to  solve  ^  e  and 

£  e  C(R+;*') 

where  C(R+;$‘)  is  the  space  of  all  -valued  processes  on  R  with  continuous 
paths  in  the  strong  topology  of  . 


LECTURE  II 


MARTINGALES  TAKING  VALUES  IN  DUALS  OF  NUCLEAR  SPACES 


Throughout  this  lecture  we  assume  that  (q,  >,P)  is*a  complete  probability 
space  with  a  right  continuous  filtration,  (2t)  Also,  unless  otherwise 

explicitly  stated,  we  assume  that  $  is  Si  given  Countably  Hilbertian  nuclear 
space  defined  by  a  chain  of  Hilbert  spaces  <tp  c  $  q  <  p  with  norms 
u ‘ip  >  and  strong  duals  <tp.  We  denote  by  <t>‘  tne  strong  dual  of 

$  and  by  (3  =  G2>  ( <t>* )  the  a-field  of  generated  by  the  sets 


{f  e  :  f C <f>3  <  a}  $  e  *  a  e  R. 


Definition  2.1  A  mapping  Xt(oj):  R+  x  Q  -*•  *'  is  a  fc'-process  if  Xt ( oj) C <J> ]  is 
a  real  valued  process  V  <p  e  $,  i.e. 

(w:  Xt(u)  e  8}  e  3*  V  Be®. 

In  this  lecture  we  introduce  two  special  cases  of  ^'-valued  processes, 
namely  the  ■t'-Wiener  process  and  -martingales .  We  give  several  examples  of 
Wiener  processes  and  illustrate  how  some  infinite  dimensional  extensions  of  the 
real  valued  Brownian  motion  (as  the  cylindrical  Brownian  motion  and  a  sequence 
of  independent  Brownian  motions)  may  be  seen  as  nuclear  space  valued  Wiener  pro¬ 
cesses  . 

In  the  case  of  -martingal es  we  will  make  the  assumption  that 
^ x t J 2  <  00  e  <f,  t  >  0.  This  condition  is  not  necessary  and  will  be  assumed 
only  for  simplicity  in  order  to  show  the  kind  of  techniques  used  in  the  study  of 
<5‘processes.  Examples  of  these  techniques  are  the  following  two  lemmas.  They 
will  be  referred  in  the  future  as  the  regulari zation  Theorem  and  the  Bai re  cate¬ 
gory  argument . 


Lemma  2.1  (Regularization)  (Ito)  Let  Y:  4  ♦  L  (8,3 ,P)  be  a  continuous 
linear  map.  Then  there  exists  a  ^‘-valued  random  variable  Y  s.t. 

Y(o»)[(j>]  =  Y(4)(ca)  P  a.s.  V4  e  4. 

Moreover  there  isa  q>0  s.t.  P(Y  e  4q)  =  1. 

£roof^.  Let  V(4)  =  £(  Y(  4) 2)  hf  4  e  4.  Since  V  is  continuous  there  exists 
r  >  0  and  S  >  0  s.t.  if  fl 4 B r  <  5  then  V(4)  <  1.  Hence  if  9  =  1/6  we 
have 

V(4)  <  92i4»2  V  4  e  4  .  (2.1 

Let  q  >  r  be  such  that  the  injection  mapping  4^C*  ^ 

Hi  lbert-Schmidt  and  let  < > j  4  be  a  CONS  for  4q.  Then  from  (2.1) 

00  00 

E(  l  YU,-)2)  <  92  l  14  J2  <  . 

j=l  3  j=l  3  r 

00 

i.e.  if  n,  =  {u>:  \  (Y(4,)(<d))2  <  «}  then  P(n.)  =  1.  Define 

j  =  l  J  1 

00 

1  Y(  4 . )  ( o>)  4  -jf  w  e  ft. 
j  =1  3  3  1 

YU)  = 

0  otherwise 

Where  { } j  >1  is  the  C0NS  of  $q  dual  t0  {^j}j>l*  Then  Y  is  a  4' -valued 
random  variable  s.t.  Y  e  4q  a.s.  and 

^  00 

Y ( co) [ 4]  =  l  Y( 4. )(«)  <4,4;>  4  £  «  a.s.  (2.2 

j=l  3  3  q 

n 

Letting  4n  :  =  ^  <^,4’j>q^j»  11  ♦n  “  ♦"r  <  "^n  “  ^q  nT«  0  so  that  from  (2*D 

J  ^ 


vv 
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EC  l  *(♦<)<♦,♦«>„  -  YU)]2  - 
j*l  J  J  Q 


0  as  n  +  ® 


Finally,  from  (2.2)  and  (2.3)  we  have 


E[Y(u))U]  -  YU)U)]2  =  0 


(2.3) 


Y [ 4>]  =  Y(  <p)  a.s.  V  <fi  e  t 


Q.E.O. 


From  the  proof  of  the  above  lemma  we  obtain  the  following  result. 

Corollary  2.1.  Let  Y:  $  +  L2(3,3',P)  be  a  continuous  linear  map.  Then  there 
exist  9  >  0  and  r  >  0  s.t. 


E(YU))2  <  92a$»2  4  $  e  *  . 


Lemma  2.2  Let  V(*):  $  -*•  [O,*)  satisfy  the  following  conditions: 


(1)  V  is  lower  semi conti nuous ,  i.e.  $n  + 

(2)  VU  ♦'!»)<  V(  $)  +  VU)  4  e  $ 


*  =>  V(  *)  <  J_i£  VUn) 


(3)  V  ( a  <|>)  =  |a|vU) 

(4)  V( *)  <  « 


V  a  e  K, 
V  $  e  $ 


Then  VU)  is  a  continuous  function  in  $  and  there  exist  9  >  0  and  r  >  0  s.t, 


VU)  <  9«*»r  V  *  e  « 


Proof. 


Let  =  U  e  «:  V(  <j>)  <  n} 

Since  V  is  a  lower  semicontinuous  function  on  $,  then  for  each  n  >  1  is 

’  n 


a  closed  set  of  $.  Condition  4)  implies 


$  =  U  D, 


(2.4) 


Then  by  the  Baire  category  theorem,  since  $  is  a  complete  metric  space,  it  is 
never  the  union  of  a  countable  number  of  nowhere  dense  sets.  Therefore  there 
exist  4>0  e  $,  <5^  >  0  and  a  positive  integer  r  such  that 


U  *  -  U  e  *: 

*o 


Vr  <  V  £  “n 


Hence,  for  any  $  e  <t,  $  *  0  if  6  <  6^ 


6  -  +  <+>  £  u 

«*>r  0  4>0 


po- 


and  therefore  they  belong  to  Dn  ,  i.e. 

no 


V  (  6  -2 —  +  *  )  <  n 
l$tr  V  o 


(2.5) 


v(*u  '  5  r$r;  )  4  no 


(2.6) 


But  using  3)  with  a  =  -1 


Then  by  2) 


V(267fT  }  «  V(57^+  V  +  y^TtTr-  *o>  <  2no 


and  hence  using  3),  if  9  =  nQ/ 5 


v U)  <  91 4»«r  It  t  4 

Then  the  continuity  of  V  follows  since  using  2) 


|  VU)  -  VU)  I  <  V(  *  -  o)  <  01*  -  *1^  4,4  e  4. 

Q.E.D. 

As  an  example  of  a  typical  application  of  the  above  lemma  (Baire  category 
argument)  we  have  the  following  result. 

Corollary  2.2.  Let  be  a  ^'-valued  stochastic  process  s.t. 

2 

EXt[$]  <  «  e  4  ,  t  >  0. 

Then  for  each  t  >  0  there  exist  9t  >  0  and  rt  >  0  s.t. 

E(Xt)[4])2  <  9*1*1^  *4  e  4. 

Proof.  For  each  t  >  0  define 

vt(4)  =  (E(Xt[4])2}V2  4  e  4 

Applying  Fatou's  lemma  we  have  that  ^(4)  is  a  lower  semi conti nuous  func¬ 
tion  on  4.  Then  since  V^.  satisfies  properties  (2)-(4)  in  Lemma  2.2  the  corollary 
follows  applying  the  named  lemma. 

Q.E.D. 


A  result  of  this  type,  involving  a  Baire  category  argument,  was  first  used 
in  the  study  of  4'-valued  stochastic  processes  in  Mitoma  [10]. 


WIENER  PROCESS  TAKING  VALUES  IN  THE  DUAL  OF  A  NUCLEAR  SPACE 

Definition  2.2  A  strongly  sample  continuous  4'-valued  stochastic  process 
W  *  (Wr)  ,  on  (a,  T-.P)  is  called  a  centered  4'-Wiener  process  with 


covari ance  Q(  • , • )  if  Wt  satisfies  the  following  three  conditions: 


a)  WQ  =  0  a.s. 

b)  W  has  independent  increments,  i.e.  the  random  variables 

Wt  <wt  -  wt  )C#?] . (Wt  -  Wt  )[♦„] 

C1  1  t2  t1  1  ln  tn-l  n 

are  independent  V  41,...,4n  e  *,  0  <  ^  <  t?  <  <  tn,  n  >  1. 

c)  For  each  t  >  0  and  4  e  4 

Ele1"^*3)  =  (2. 

wnere  Q  is  a  covariance  functional,  i.e.  a  positive  definite  symmetric  bili 
near  form  continuous  on  4  x  4. 


Remarks 

2A.  Let  (W  )  be  a  4'-Wiener  process  with  covariance  Q.  Then 
1  t)0 

{Wt[4],  4  e  4,  t  >  0} 
is  a  centered  Gaussian  system  and 

E(Wt[*]WsO])  =  min(s,t)Q(4,4)  4,*  e  ♦,  s,t  >  0.  (2.8) 

2*2  A  4'-valued  process  (^t)t>g  is  a  Non-centered  Wiener  process  if 
there  exists  m  e  4'  s.t.  Zt  -  tm  is  a  centered  Wiener  process. 


We  now  prove  the  existence  of  a  4'-valued  Wiener  process  following 
Perez-Abreau  [13]. 

Theorem  2.1  Let  (Y(t,4),  4  e  4,  t  >  0}  be  a  centered  Gaussian  system  of  random 
variables  s.t. 


E( Y(t,4)Y(s,*))  =  min(t,s)Q(  4,4) 


(2.9) 


wnere  Q  is  a  covariance  functional  on  $  x  $.  Then  the  following  is  true: 


1) .  There  exists  a  centered  ^'-valued  Wiener  process  W  =  with 

covariance  functional  Q  s.t. 

Y(t,4>)  =  Wt[*]  a.s.  V <|>  e  *,  t  >  0 

2) .  There  exists  q  >  0  depending  only  on  Q  and  not  on  t  s.t. 

W.  e  C(R+,$^)  a.s. 

where  C(R+,$q)  is  the  space  of  strongly  continuous  functions  from 
R.  to 

Projf .  Letting  V2(<( i)  =  (J(<fr,$)  e  V  is  a  function  that  satisfies  con¬ 
ditions  ( 1 ) - ( 4 )  of  Lemma  2.2.  Then  there  exist  9  >  0  and  r  >  0  s.t. 

QW,4>)  <  V*  e  *.  (2.10) 

3y  the  nuclearity  of  $  there  exists  q  >  r  s.t.  the  injection  <j>qC»  <j>^  is  a 
Hiloert-Schmidt  map  i.e.  if  ^  ^  j  >  j  >  i  -  *  is  a  CONS  for  <&q  then 

as 

l  l(Mr  <  (2.11) 

j  =  l  J  r 

Hence  by  (2.9),  (2.10),  (2.11)  and  the  monotone  convergence  theorem  we  have 

oo  as  oo 

E(  1  YU,*,)2)  =  t  l  Q(^i,<t>i)  <  te  l  i<m2  <  •. 
j=l  J  j=l  J  J  j=l  J 

00 

Thus  if  3  =  { uj  e  0:  \  Y(t,<j>.)2  <  »}  then  P(at)  =  1. 

j  =  l  J  1 

Let  {|j  }j ^  be  the  CONS  of  $q  dual  to  ( ^ j ) j  > l 


and  define 


“  e  °t 


l  Y(  t: ,  )  (  oj) 

j=l  3  3 


Wt(«)  = 


otherwise. 


Then  W^  e  $'  a.s.  for  all  t  >  0, 


wt  (  a>)  C  4>j  J  =  Y{t,^.  )(a»)  for  a>  e  ^ 


and 


Wt(w)[$]  =  l  Wt(u>)  [)$.]$.[$] 
t  j=l  1  3  3 

00  oo 

For  p  e  P $  =  )  <<J>, ^  4> ,* [ ^ ] 4> ,  it  follows  from  (2.10)  and 
q  j=1  3  q  3  j=l  3  J 


(2.12) 


■♦«r  <  H«q  r  <  q 


that 


E(Y(t 


•  P)  ~  1  ) )  =  tQ($  -  ),  #.:[<fr]<h;  P  -  \  <$ -:  [  D  <l> 

j-1  J  J  j*l  J  3  j  =  l  3  3 


<  t9l  +  -  [  ♦*[♦]♦.«*  ♦  0. 

j  =1  J  J  q  n+» 


Hence,  from  this  and  (2.12)  we  have 


W  [$]  3  Y(t,$)  a.s.  ip  t  p,  t  >  0. 


It  remains  to  show  that  W  has  a  strongly  continuous  version. 

We  recall  that  if  G  is  a  real  valued  Gaussian  random  variable  with  zero 


mean  and  variance  a  ,  then 


E(G4)  =  3a4 


Then  writing  X3  =  Y(t, $• ) 
^  J 


Hence,  using  Holder's  inequality,  (2.13),  (2.10)  and  (2.11)  we  have 

E^t  -  V-q  =  E(  1  <Xt  *  Xi)2)2 
j  ^ 

=  E(  "  (xj  -  XJ)4  +  2  l  (Xj  -  XJ)2(X*  -  X*)2) 
j=l  t  s  j<k  t  s  t  s 

<  l  E(Xj  -  XJ)4  +  2  l  (E(xj  -  xj)4E(X*  -  X*)4)^2 
j=l  j<k  1  s  1  s 

oo 

=  3 |t  -  s  1 2{  Q ( ^ j » 4> j ) 2  +  2  QUj;4>j)QUk,*k)} 

00 

=  it  -  s|2{  l  Q(  4>i  ,<}>-;)  >2  S  K2|t  -  s|2 

j_l  J  J 

i  .e. 

EllW^.  -  ws0q  <  K2lt  "  s|2.  K  constant  s,t  e  R+  .  (2.14) 

Then  the  proof  of  the  theorem  is  completed  using  the  following  variant, 
given  in  Ito  [6],  of  Kolmogorov's  theorem  on  the  existence  of  continuous  versions 
for  stochastic  processes. 

Theorem  2.2  (Ito  [6]).  Let  X  be  a  ^-valued  process.  If  there  exist  positive 
constants  ct,6,K  s.t. 

E(»*t  -  v!q>  4  -  si1+s 

then  X  has  a  continuous  ^'-version. 

q 

In  the  case  of  a  special  compatible  family  the  index  q  in  (2)  of  Theorem 


2.1  can  be  chosen  in  the  following  manner. 
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i* 


Corollary  2.3  Let  (♦.H.T^)  be  a  special  compatible  family  and  assume  the 
hypotheses  of  Theorem  2.1.  Then  there  exists  a  ♦  ' -valued  Wiener  process 
W  =  with  covariance  functional  Q  such  that 

W.  e  C(R+;  a.s. 

for  any  q  >  ri  +  r2  where  r^  is  given  by  (1.3)  in  Example  (1.2)  and  t~2  is 
such  that 


|r; 


Q(  p,<p)  <01^1^  V  $  e  ♦ 
'  2 


for  some  0  >  0. 


P^oof 


Form  the  proof  of  Theorem  2.1,  writing  r 2  instead  of  r  in  (2.10),  q  was 
taken  such  that  the  injection  ♦  $r  is  a  Hi  lber-Schmidt  map.  But  in  the 

q  ■  2 

case  of  a  special  compatible  family  (see  Example  1.2)  the  injection  $  * 

q  r2 

is  Hilbert-Schmidt  for  q  >  r,  +  r0. 

6  Q.E.D. 


Some  examples  of  4>'-valued  Wiener  processes  are  now  introduced. 

EXAMPLE  2.1.  Let  ($,H,L)  be  a  special  compatible  family  (see  Example  1.2  and 
Remark  1.1).  Recall  that  (see  (1.7))  there  exists  r^  >  o  s.t. 

■2r, 


*,  :•  l  (1  +  Ai)  1  < 

1  j  =  l  J 


and  the  injection  1  4  i  is  a  Hilbert-Schmidt  map  for  q  >  r  +  r,  .  Let 

q  r  1 

<*,*>  be  the  inner  product  in  H  and  define 


Q0U,*)  3  <4>.'l»>0  e  • 


Then  from  Theorem  2.1  there  exists  a  ♦'-valued  Wiener  process  (Wt)t  with 
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covariance  functional  Qq  s.t. 

w  e  C(a+;*(J)  a.s  if  q  >  r1 

and  will  oe  called  a  Standard  Wiener  process. 

More  generally,  if  r  >  0  and 


Qr(  *)  :=  e  t 


tnen 


there  exists  a  ^'-valued  process  W  e  C(R+:  $/)  for  q  >  r  +  r^. 

As  will  be  shown  in  later  examples,  in  applications  the  Q  is  not  always 
given  by  one  of  the  inner  products  on  the  Hilbert  spaces  defining  $. 
Nevertheless  since  Q  is  continuous  on  $  x  $,  then,  as  in  the  proof  of  Theorem 
2.1,  there  exist  9  >  0  and  r  >  0  s.t. 


QU,$;  <  91*1  2  V*  £  * 


and  therefore  there  exists  a  ^'-valued  Wiener  process  W  s.t. 


W  e  C(R+;$')  for  q  >  r  +  r^ 


EXAMPLE  2.2.  Let  $  (R)  be  the  Schwarz  space  of  Example  1.1  (see  also  Remark 
1.2).  Then  ( 5  ,L2(R) ,-d2/dx2  +  x2/4)  is  a  special  compatible  family  where 

dre  the  HertT,ite  functionals  given  by  (1.1),  Xj  =  j  -  1/2.  j  >  1, 
is  the  inner  product  on  L2(R)  and  r 1  >  1/2-  Taking  *  =  ,2(R)  and  H  =  L2(R) 
in  the  last  example,  from  (1.2)  we  have  that  if  Q0(*,*)  =  < , ^>Q  then  the  stan 
dard  Wiener  process  W  =  (Wt)t>0  in  $(R)’  is  such  that  W  eC('rt+;2q)  for 
q  >  V2.  Clearly,  there  is  no  smallest  q  such  that  this  happens. 

For  *  e  $  define 

=  wtE°2^  whe'"e  0  =  * 

Then  the  covariance  functional  of  the  ^‘-valued  Wiener  process  W'^  =  (W^V 


Qx  '(♦,*)  =  Qo(0  *,D  *)  =  <D>,D>0. 


We  shall  snow  that  W^  c  C(R+;  ^)  for  q  >  3/2.  In  general  we  will  prove 

the  following:  Let  QpU,*)  =  <4>,^>p  <p,<p  e  t  p  >  0,  and  let  W  =  (Wt)t>Q 

the  corresponding  V-valued  Wiener  process.  Define 

M^1)[*]  -  Wt[D%]  (2. 

tnen  uU) 

is  a  i'-valued  Wiener  process  s.t;  W^)  e  C(R+;^p)  for 

q  >  p  +  3/2: 


Clearly 


=  <D24»,D2ip>p  <p  1 e  $ 


then  from  Example  1.1  for  <j>  e  * 


<30 

Q(1)U,<I>)  =  <024>,D2<j>>  *  l  (n  +  V2)2p<D2*,*n>2 


l  (n  +  V2)2p<*,d\ >2 

n»l  u 


But  from  (1.1)  with  the  notation  of  Example  (1.1) 

h  Vl  =  /7rr  {/900  Hn_1(x)  +  Hn(x)[-  *  e"X  /4(2it)-V4] 


«  /nT  {/J[7T  Hn_x(x)  -  *  /gTTy  Hn(x)} 

=  /nT  /g(x)  Hn_1(x)  +  ^  /g(x)  {-(n  +  l)Hn+1(x)  -  Hn_1(x 


=  /n !  ^n 

/  ( n  - 1 ) ! 


(n  ♦  1)  -112 - 

1  /(n+1) ! 


/n  j.  /n  +  1  . 
T  *n - 7~  *n+ 


dx  Vl  '  - 


J] 


♦n+2  ’ 


Hence 


2  *n+l 


.  /n  ( n  - 1 ) 


*  i  2n+l  w  i  /(n+1) (n+2)  A 
^n-1  (  -1“  )*n+i  +  - 4 - L  K 


'•°V  =  ■l<".-.n.<n-2)  <»,*n_2>0  -  <  <*,v2>o  <2-19> 


"  an<*-»n-2>o  *  V*-Vo  *  cn‘*-Wo 

where  an,bn,cn  =  0(n). 

Then  from  this  and  (2.17) 

Q(1)U,(f>)  <  a.  I  (n  +  i  )2p+2<*,$n  9>?  +  a,  I 


n-2> o  +  °2  Mn  +  7  )2P+2<** Vo 


+  a3  M"  +7  )2p+2<^.tn+2>02 


2 

*  0,1  +  (<*><*!, ag.oj  constants). 


Since  the  injection  2  p+^  is  Hi  1 bet-Schmi dt  for  q>p  +  l  +  V2  =  P  +  3/2, 

we  have  shown  that  the  ♦'-valued  Wiener  process  given  by  (2.15)  is  such  that 

e  C(R+;^  )  a.s.  for  q  >  p  +  l  . 


Cylindrical  Brownian  motion 


Definition  2.3  Let  H  be  any  real  separable  Hilbert  space  with  norm  «*au.  a 

H 

family  (8 t(h):  t  £  H^.h  e  H}  of  real  valued  random  variables  is  called  a 


$ 


Cylindrical  Brownian  motion  (c.B.m.)  on  H  if  the  following  conditions  hold 

(1)  For  each  h  e  H  h  *  0,  a h a “ ^ ( h )  is  a  one  dimensional 
standard  Wiener  process. 

(2)  For  any  r  and  hlth2  e  H 

Bt(°lhi  +  “2^  =  +  a2Bt^h2^  a*s* 

(3)  For  each  t  >  0  and  h  e  H  Bj.(h)  is  an  O' t -mart ingale 
where 

O  t  *  o(B  (k):  set  k  e  H)  . 

From  (1)  we  have  that  Vt  >  0  and  h  e  H 

E(Bt(h))2  =  tihn 2 

and  therefore  since  by  Sazonov's  theorem  exp(-  ^  aha2)  is  not  the  charac¬ 
teristic  functional  of  a  countably  additive  probabiilty  measure  on  H,  there 
does  not  exist  a  process  Q  in  H  s.t. 

Bt(h)  =  <  ,h>H* 

From  (1),  (2)  and  (3)  we  have  that 

E(Bt(h)B$(k) )  =  min(s,t)  <h,k>H  .  (2 

is  a  CONS  in  H,  b"  =  Bt { en )  is  a  sequence  of  independent  one 
dimensional  Brownian  motions,  and  if  h  e  H 

00 

"  =  \  <h’en>H  en 

n  =  l 


for 


*  fil  <h,*i>Hei 

S  (h^nh  =  l  <h,e.>HBj. 
c  j=l  J  M  t 


For  n  >  m. 


E[B  (h(°>)  -  Bt(h(m^)]2  =  t  l  <h,e.>2  +  0 
C  t  j=m+l  J  H 


and  therefore 


Mh)  *  l  <h,ei>nB^  a.s.  Vt  > 

j-1  31 


0  and  h  e  H. 


(2.19 


Conversely  if  3^(j  >1)  is  a  sequence  of  independent  Brownian  motions  then 
Bt  defined  by  (2.19)  is  a  c.B.m.  on  H.  (Note  that  the  RHS  of  (2.19)  converges 
a.s.  for  each  t  >  0  and  every  h  e  H) . 

The  following  result  relates  <f'-valued  Wiener  processes  and  cylindrical 
Brownian  motions. 

Theorem  2.3  Let  W  =  (Wt)t>g  be  a  ^'-valued  Wiener  process  with  covariance 
functional  Q.  Then  W  defines  a  Rigged  Hilbert  space 

4  Hg  $  ' 

A 

and  a  cylindrical  Brownian  motion  W  on  where  Hg  is  the  Q-completion  of 


Proof.  Since  by  assumption  Q  is  a  positive  definite  continuous  bilinear  sym¬ 
metric  form  on  4  x  4,  Q(.,»)  defines  an  inner  product  on  4x4.  Let  Hg  be 
the  Q-completion  of  4.  Since  4  is  separable  then  Hg  is  separable. 

Let  ( ♦j }j  >1  ^  «  be  a  CONS  for  Hg.  Then  where  WtJ=  Wt[4j], 
is  a  sequence  of  independent  standard  Wiener  processes  since 
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E(W^W$)  =  min(s,t)Q(^,<j>k)  =  min(s,t)5j 


*5»K 

Ol 


For  h  e 


Hg  n  »  ^  <h,*j>Q  ^  , 

A  • 

UtOO  jIi  <h,4j>g  wJt 


defines  a  c.B.m.  on  as  in  (2.19). 


-VALUED  MARTINGALES 

Most  of  tne  material  in  this  section  is  taken  from  Mitoma  [10]. 

Definition  2.4  A  ^‘-valued  process  M  =  (Mt)  is  a  4>‘  -mart  i  ngal  e  w.r.t  (3t 
if  for  each  $  e  «  M  [$]  is  a  martingale  w.r.t. (  3,). 

Since  it  will  help  in  our  later  work,  we  shall  also  assume  the  additional 
condition 


E(Mt)[$])2  <  •  e  $  t  >  0. 


(2.20) 


Tneorem  2.4  Let  M  be  a  ^'-valued  martingale  w.r.t.  (  3^ ) .  Then  there  exists 
a  ^'-valued  version  M  of  M  s.t.  the  following  conditions  hold: 


(1)  For  each  T  >  0  there  exists  p  =  pj  >  0  s.t. 


M1  e  D( [0,T] ; $p)  a.s. 

where  D( [0,T] ; ^ )  is  the  Skorohod  space  of  right  continuous  functions  with 
left  hand  limits  (r.c.1.1.)  from  [0,T]  to 


(2)  M  is  r.c.1.1.  in  the  strong  ^'-topology,  i.e. 


M  e  0([0,»)  )  a.s. 


•  (1)  Fi*  F  >  0  and  define  V^($)  =  E(MT[<>]2).  Then  by  Corollary  2.2 
tnere  exist  8  =  0T  >  0  and  r  =  ry  >  0  s.t. 

VT{  <*>)  <  9S<Mr  V<>  e  •  (2.21) 

-et  :)  oe  a  countable  dense  subset  of  [0,T].  Then  by(1.3)  VI  in  [3],  for 
>  e  J 

E(sup  M t[D]2)  <  4  sup  (E  Mt[*]2)  =  4(E  UT[<},]2)  .  (2.22 

ted  0<t  <T  1 

Let  q  >  r  be  such  that  the  injection  map  *  £*  $r  is  Hilbert-Schmidt, 
i.e.  if  ( )j  >i  —  *  is  a  CONS  for  *  then 

ao 

l  "M*  <  “• 

j  =  l  J  r 

Then  from  (2.21)  and  (2.22)  we  have 

OO  QO  00 

E(  1  Sup  (MU])2)  =  \  E(sup  ( [  4»  -  ] )  2 )  <  402  l  a  4>  ■  B  J  <  ». 

j-1  teD  J  j-1  tcD  1  J  j-1  ■  J  ‘ 

00 

So,  if  .4.  1  («  £  !1:  )  sup  Mt[<J-]2(u)  <  «},  P(  n. )  =  1. 

j-1  teO  1  J  1 

Since  each  real  valued  martingale  M^Uj]  has  a  right  continuous  modifica 
tion  Xt,  writing 

^  :=  {«  e  Q:  X^(u>)  =  M^Uj  ](<*»)},  we  have 
P(aJ)  ■  1  for  t  c  0.  Then  the  set  defined  by 

o, :  =  ( n  ri  4 )  n « 

teD  j>l  T  1 

has  probability  one  and  if  u  e  ^ 

l  Sup  (X^u,))2  <  ». 

j  =  l  0<t<T 
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Let 

{ }j  ^  be  the  CONS  of 

dual  to 

{ <j> j  }j  ^  and  for  0  <  t  <  T 

define 

I 

j=i 

u  e  a2 

II 

* 

0 

otherwi se 

Then  for 

0  <  t  <  T  P(M  E  *‘)  = 
u  q 

I 

and  Mt(to)[$]  =  ( tu ) C 4> ]  for  all  $  e  * 

a  e  ilj,  i 

.e.  =  Mt  a.s. 

Next 

since  for  s.t  e  [0,T] 

and 

J  >  1 

|xj(u>)  -  XJ$(<o)|2 

<  4 

sup  (xj( 
0  <t  <T  1 

oo) )  2,  (w  e  Jig) » 

Dy  the  dominated  convergence  theorem,  fixing  to  in 

ao 

lim  IM  (u)  -  ( u>) « =  lim  »  \  (xj(«)  -  xJ(<o))$  .#2 

Sit  s  'q  j  =  l  j  =  l  C  s  j  -q 

ao  oo 

=  lim  l  |xJ(<o)  -  XJ  ( a>)  | 2  =  l  lim  |xj(«)  -  XJfto)|2  =  0, 
s+t  j-i  z  s  j  =  l  s+t 

the  last  assertion  following  from  the  right  continuity  of  X^(<o).  In  a  similar 

fashion  the  fact  that  M  has  left  hand  limits  in  the  J*J  -norm  is  shown. 

Thus  we  have  proved  that  for  each  T  >  0  there  exists  qT  >  o  s.t.  Mt  h 

r.c.1.1.  version  M  in  the  J*an  -norm,  i.e. 

t  q-j* 

mT  c  0([0,T];  ^). 


(2)  Let  Tn  t  ®,  then  by  (1)  there  exists  qp  s.t.  has  a  version 

~Tn 

M  n  with 


~T 

M. 


n 


e  D(CO,Tn]; 


a.s. 


a* 


*  C*  . . 

I  iW  i  ntimiUSm 
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Witi  tne  notation  used  in  the  proof  of  (1)  let  a,  =  Pi  a~.  If  u  e  a,  define 

J  n=l  1  i 

for  0  <  t  <  « 

Mt(u)  =  M^n(co)  for  Tn-1  <  t  <  Tn,  (TQ  =  0). 

Then  P(M  e  *' )  =  1  and  Mt(w)  =  Mt(w)  for  u»  e  a3. 

Hence  for  t  >  0  and  e  >  0  there  exists  6t  >  0  s.t.  if  t  >  s  +  6t 

-w  -v 

(  u)  -  M  (  m)  5  <  e 

Mn 

for  t  <  Tn  and  therefore  for  any  bounded  set  B  * 

sup  |(Mt(«)  -  M  («)  )C<fr3 1  <  e,  t  >  s  +  & 

peB  ' 

i*1?.  is  strongly  right  continuous.  A  similar  argument  shows  that  it  has 

1  eft  hand  limits.  Q.E.D. 


Remarks 

2.3)  The  above  theorem  can  be  proved  without  the  assumption  (2.20).  The 
proof  is  very  similar  to  the  one  given  above  using  ( 1 . 1 ) V l  of  [3]  instead  of 
(2.22). 

?«4)  It  |V't  is  a  t'-valued  martingale  s.t.  for  each  p  e  t 

sup  E(M  [,]2)  <  (2.23) 

0  <t<«  L 

tne^e  exists  q  >  0  s.t.  has  a  version  c  D([0,«),^)  a.s.  This  is  seen 

using  the  fact  tnat  if  0  is  a  countably  dense  subset  of  then  from  (2.22) 

c(  sup  (\[-*>]2)  <  AE(Mj;$]2)  <  ». 
teO 


ne  next  tneorem  is  proved  in  a  very  similar  way  to  Theorem  2.4. 
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Theorem  2.5  Let  M  be  a  fl'-valued  martingale  such  that  for  each  $  e  $  M^[^] 
has  a  continuous  version.  Then  there  exists  a  ^'-valued  version  M  of  M  such 
that  the  following  conditions  hold: 

(1)  For  each  T  >  0  there  exists  p  =  pT  >  0  s.t. 

e  C([0,T];V)  a.s. 

(2)  M  is  continuous  in  the  strong  ^'-topology  i.e. 

M  c  C([0,») )  a.s. 

(3)  If  sup  E(M  [<j>]2)  <  *  then  there  exists  p  >  0  s.t. 

0  ct< 08 


M  e  C([0,»):  $')  a.s. 
•  P 


An  example  of  a  ^'-martingale  is  the  ^'-valued  Wiener  process  with 


7t  =  o(HsC*];  0  <  s  <  t,  *  e  ♦) 


and  for  which  (Theorem  2.1)  there  exists  a  continuous  version  on  C([0,«); 


for  some  q  >  0.  This  shows  that  condition  (2.23)  in  Theorem  2.5(3)  is  not 


necessary  for  a  V-valued  martingale  to  have  a  version  in  C([0,«):  4*^ )  for  some 


p  >  0. 

The  following  example  (due  to  G.  Kallianpur  and  S.  Ramaswamy)  gives  a 
valued  strongly  continuous  gaussian  martingale  M  for  which  the  following  is 
not  true:  There  exists  p  independent  of  t  s.t. 


Mt  £  Vt  >  0,  a.s. 


EXAMPLE  2.3  Consider  the  CHNS  of  Example  1.2  i.e.  (<t,H,L)  is  a  special  com¬ 


patible  family  where  (1  +  L)  “  is  a  Hilbert-Schmidt  operator  for  some  r^  > 


Uj  . 


-2r, 


l  (1  -  1  < 

3=1  J 


for  }  c  *  a  CONS  for  H. 


Define  for  s  t  [0,®)  and  $  e  4 


f(s.*)  =1(1  + 

j=l  J  J  o 


Let  (3s)s>q  be  a  real  valued  standard  Brownian  motion.  Since  for  each  t  >  0 


and  $  e  $ 


/  f (s , $) 2ds  < 
0 


then  the  Wiener  integral 


’  l 


f(s,o)dB< 


is  a  Gaussain  martingale  for  each  $  e  *.  Since  f(s,$)  is  linear  and  con¬ 
tinuous  in  $  then  tne  linear  random  functional 


♦  *L2<a> 

is  i-continuous.  Hence,  by  the  regul ari zation  lemma  there  exists  a  <t>'-valued 
random  variable  X  s.t. 

XtC^]  =  Xt^  a.s.  V*  e  * 

Then  for  j  t  =  3t  ^t’^t^tiO  a  l>'*va^uecl  martingale  such  that  V  4>  e  * 
<.;*J  has  a  continuous  version.  Hence  by  Theorem  2.5  X  has  a  strongly  con- 


tinuous  version  also  denoted  by  X. 


Now  suppose  there  exists  p  >  0  s.t.  X..  e  a.s.  Vt  >  0. 


p  >  r^  and  consider 


Then  {^n^}  converges  in  <j>p  to  $  say,  and  therefore  X t [ <}>^ n ^ 
But  since  X  is  L  -continuous 

E(Xt[^n)]2)  -  E(XtU])2  <  «  Vt  >  0 

n  -*•<= 


-id- x,>'P%  . 


3=1 


the  finiteness  of  the  limit  being  a  consequence  of  Xt[$]  being  a 
dom  variable.  On  the  other  hand,  if  t  >  p  +  r ^ , 

E(XtU(n>]2)  =  E(  I  (1  +  Xi)"P‘ri  Xt  ) 

3  =  1  J  ,?3 

t  n  -p-r. 

-  /  (f(s.  1  (1  +  XJ  1  ^))2ds  = 

0 


t 

/ 

0 


t 

>  / 

p+rl 


Then  by  Fatou's  lemma 


li*  E(xt[*<n>]2)  =  - 


which,  in  view  of  (2.24)  implies  that  E(Xt[$])2  = 


3  =  1 


n  -p-r.+s  , 

(  l  (1  ♦  X  )  1  )2ds 

3  =  1  J 


n  -p-r.+s  _ 

(  l  (1  +  X  )  1  )2ds 

j=l  J 


Take 


♦  xt[*]. 

n  ><» 


(2.24) 


Gaussian  ran- 


«,  a  contradiction. 


STOCHASTIC  INTEGRALS  TAKING  VALUES  IN  A  DUAL  OF  A  NUCLEAR  SPACE 


Consider  a  ^'-valued  right  continuous  martingale  w.r.t.  a  filtra¬ 

tion  C3’t)t>g  such  that 

E(MtC$])2  <  ®  V#  e  *  and  t  >  0. 

Then  for  each  $  e  4  there  exists  a  predictable  right  continuous,  non  negative 
increasing  process  A^  such  that  X ^ 2  -  A^  is  a  martingale,  which  implies 
that 

EUtUl)2  =  EA*  (2.25 

Let  X2(M)  be  the  class  of  real  valued  predictable  processes 
f:R+  x  a  +  w  such  that 

E  /  f 2(<u)dA^(u>)  <  ®  e  $. 

0  s  s 

Before  introducing  the  definition  of  the  stochastic  integral  of  a  real 
valued  process  w.r.t.  the  V-valued  martingale  we  prove  the  following 
1 emma . 


Lemma  2.3  For  f  e  M)  and  t  >  0  define 


<(♦)  =  E  /  f ^((u)dA^(u)) 
&  0  s  s 


(2.26 


Then  V  is  a  continuous  function  of  4>. 

Proof.  We  first  assume  that  f  is  a  bounded  function,  i.e.  |f  (u)(  <  k  V 
t  >  0  and  'ji  c  a.  Then  by  (2.25)  and  Corollary  2.2 


*  »  w «  % - »* \ ■ » * 


VfA*)  <  K  EAj  =  KE(  [  ^] )  2  <  K9tl*lr 


V  e  $ 


which  implies  that  V  ($)  is  ^-continuous. 

Next  if  f  e  ^,2(M)  define 

fK(t,u>)  =  f(t,u))l|-_K  Kj  (f (t.w) )  t  >  3,  d)  e  n. 

2  2 

Then  |f^(t,u)|  <  K  and  fK(t,u>)  +  f  (t.w)  V  t  >  0,  u  e  a. 

Denote  by  the  measure  on  the  a-field  of  predictable  sets  defined  by 
the  relation 


-  E  l  9sdA  ♦ 

where  g  is  a  non-negative  predictable  function.  We  have,  using  the  monotone 
convergence  theorem  that 

t  t 

E  /  f  dA*  =  /  f  dv  =  lim  /  f2  =  lim  E  /  f2  dA*. 

0  [0,t]xfl  ♦  k+~  [0,t]xn  k  *  k+«  0  k 

Hence  vl(4>)  is  the  limit  of  the  increasing  sequence  of  continuous  functions 

f,  - 

K  f 

Vt  ($),  and  therefore  Vt($)  is  lower  semicontinuous. 

Then  the  Baira  category  argument  {Lemma  2.1)  implies  that  ( <j> )  is  ♦- 

continuous.  O.E. 


We  now  define  a  ^'-valued  stochastic  integral  for  f  c  £2(M). 
Definition  2.5  Let  f  e  J^2(M) .  For  <p  e  $  define 


M*)  :* 


:Uf 


s  dM$[|] 


where  the  RHS  is  the  real  valued  stochastic  integral  w.r.t.  the  martingale 
\l*b  Tnen  ( ^)  is  a  real  valued  martingale  with  a  right  continuous  ver¬ 
sion  and  by  Lemma  2.3 


s 


is  a  continuous  function  of  4.  Hence  trie  linear  random  functional 
ft(*):  5  ♦  L  (3,3  ,P)  is  continuous  and  by  the  regularization  Lemma  there 
exists  Ir(f)  e  4'  a.s.  such  that 

lt(f)[$]  =  Yt(4)  a.s.  H  £  t  >  0. 

By  Theorem  2.4  there  exists  a  version,  also  denoted  by  I t ( f ) ,  which  is 
r.c.1.1.  in  the  strong  4' -topol ogy .  The  right  continuous  4'-valued  martingale 

it(f> 

't(f)  =*  l  % 

i s  defined  to  be  the  stochastic  i ntegral  of  f_  w.r.t.  the  4‘-valued  martingale 


We  now  introduce  a  4‘-valued  stochastic  integral  of  a  4'-valued  process 
w.r.t.  a  real  valued  martingale. 


Definition  2.6  Let  m  =  (m^)  be  a  real  valued  right  continuous  martingale 
2 

such  that  E(m  )  <  »  V  t  >  0.  Let  =  <m>$  the  integrable  increasing  pro¬ 
cess  of  M..  Let  (Ft)t>o  be  a  predictable  4'-valued  process  such  that 

t 

E  /  F «. [ 4> J 2d A  <®  i  4  e  4  and  t  >  0. 

0  5  s 


Write 


t 

Yt(4)  -  I  F.[4]dM 
c  0  5  s 


E(Yt(4))2 


Fs[4J2  dAs 


then 


and  by  the  Baire  category  argument,  the  regularization  lemma  and  Theorem  2,4 
tnere  exists  a  ^'-valued  right  continuous  martingale  Jt(f)  s.t. 


Jt(f)U]  =  Yt  ( <J>)  a.s.  V  $  e  <5,  t  >  0. 
t 

We  define  Jt(F)  :=  /  F$dM  as  the  i'-valued  stochastic  integral. 
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LECTURE  III 

ORNSTEIN-UHLENBECK  STOCHASTIC  DIFFERENTIAL 
EQUATIONS  ON  DUALS  OF  NUCLEAR  SPACES 


We  now  introduce  a  special  class  of  linear  stochastic  differential 
equations  with  values  in  duals  of  nuclear  spaces,  namely  Ornstei n-Uhl enbeck  type 
processes  with  a  nuclear  valued  martingale  as  a  driving  term. 

Let  (ft,3,P)  be  a  complete  probability  space  with  a  right  continuous 
filtration  (  -’t)t>0*  Let  $  u  H  be  a  rigged  Hilbert  space.  A:  4  -*■  $  a 

continuous  linear  operator  and  (T^J^.^  a  strongly  continuous  semigroup  such 
that  ($,H,Tt,A)  is  a  compatible  family  (see  Lecture  I).  Let  (N't^t>0  be  a 
J'-valued  martingale  (Definition  2.4)  which  is  right  continuous  with  left  hand 
limits  (r.c.1.1).  Consider  the  stochastic  differential  equation 


=  A'  f  dt  +  dMr  t  >  0 

*  ^  C  (3.1) 

?o  =  n 

where  n  is  a  "J  Q-measurabl e  $'-valued  random  variable  and  A'  :  ♦  ■S'  is 

defined  by  the  relation 

A '  f  [  4>]  =  f  [A<j>]  V  f  e  ,  *  e  $. 


A  special  case  of  the  SOE  (3.1)  is 


d  L.  =  A'  ^dt  +  dW.  t  >  0 
T  1  (3.2) 

Co  =  n 

where  W  is  a  J'-valued  centered  Wiener  process  (Definition  2.2)  with 
covariance  Q.  F^om  Theorem  2.1  W.  e  C(R+:  ^)  for  some  q  >  0  where  q 
depends  only  on  Q  and  not  on  t. 
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In  this  lecture  we  solve  the  SDE  (3.2)  (Theorem  3.1).  The  general  mar¬ 
tingale  case  (Theorem  3.2)  was  considered  in  Christensen  [1], 

Definition  3.1  We  say  that  the  SDE  (3.2)  has  a  ^'-valued  solution  £  =  (£t) 
if  the  following  four  conditions  hold: 

i)  { i^)  is  3-  t-adapted  and  ^'-valued. 


i i )  £  e  C(R+; $' )  a.s. 

t 

iii)  ^U]  ■  yU]  +  /  5S[A$ <f>]ds  +  WtU]  V 

iv)  For  each  T  >  0 


e  4  a.s  V  t  >  0. 


E(  sup  |  L[4>]  | 2)  <  »  V  <j>  e  4> 
0  <t  <T  1 


Remark  1.  Condition  (iv)  above  is  implied  by  the  following  condition:  for  each 


T  >  0 


E  /  ( 5,CA.(j>])2ds  <  «  i  |  e  t 

0  s 


Proposition  3.1.  If  (^)t>g  a  solution  of  The  SDE  (3.2)  then  for  each 

T  >  0  there  exist  q-j-  >  0  and  a  version  of  £  (denoted  also  by  £)  such  that 

e  C ( [0 , T] ;  ^  )  a.s. 


CtC 4»]  =  yC 4>]  +  /  5s[Ast]ds  +  Wt[$]  V  $  e  0  <  t  <  T  a.s. 


Proof.  Given  T  >  0  define 


gt2U) 


:*  E(  SUP  UtU]|  ) 

0<t  <T 


Then  by  condition  (iv)  in  Defintion  3.1  Gy(  $)  <  «  y  $  e  J>  and  clearly 


.'.V  VN  '  *v  *N 

-  .  .  ^  OT "w  .  *■ 


I 


v  ** 
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^y(  $1  +  $2^  <  G-|-($i)  +  Gj ( <<>2 ^ »  Gj( a 4>^ )  =  | a  | Gj ( ) »  <f>}.$2  e  $,  a  e  R.  Next 

StJP  KU]|  is  a  lower  semi  continuous  function  of  <t.  Hence  by  Patou's 
0  <t  <T 

Lemma  G^($)  is  also  a  lower  semicontinuous  function  of  $.  Then  by  a  Baire 
category  argument  there  exist  9^.  >  Q  and  r-j-  >  q  s#t< 


E(  sup  Ut[4)]|2)  <  9T H 4> H f  V  <p  e  $ 
0<t<T  1  1  rT 


Let  pT  >  rT  such  that  the  injection  map  *.  C*  *  is  Hilbert-Schmidt  and  let 
1  PT  rT 

<f  be  a  CONS  for  4>  with  dual  basis  {$.}..  a  CONS  for  . 

J  J  *L  Py  J  J>1  Py 


Def i ne 


:  1  sup  |ct[^-]|2)  <  ay  l  a*,*2  < 

j  =  l  0<t  <T  J  j  =  l  J  ‘  T 


Oy  =  {  uj:  l  sup  |  ( u>)  C  ]  |  2  <  0D} 

j  =  l  0<t  <T  L  J 


Then  P(Oj-)  =  1.  Next  define 


OB 

^  5t(u)C4j]$j  <*»  e  Qj 


Hence,  ^  e  4^  0  <  t  <  T  a.s.  and  ^  («)[$]  =  e  >t>  and  u  e  fty. 

Moreover  by  the  dominated  convergence  theorem  if  t,tQ  e  [0,T] 

a  *  « 

lim  l^(o.)  -  £*  ( ou)  1 2  =  lim  l  (Ua>)[*.]  -  C  («)[♦- ])2  =  0 

t-tn  o  "pt  t-tn  j=l  J  o  J 


i.e.  £  e  C([0,T];  $'  )  a.s.  and  therefore 

?T 


P(u>:  M,(w)  ;a  sup  n  L.  J 2  <«)  =  !, 

0<tsT  T  ’PT 


*  •  k.  *  1 •  •' •  M  *■  *  *  a  **  •  M  +  *  •»  A.  ^  -  1 *  .  *  A  *  -  1 f  *  •«*  -  L" 
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From  now  on  we  will  write  instead  of 

Next  for  to  e  5^.  and  0  <  t  <  T  define 

t 

Yt(ui)[$]  =  /  L(w)[A  $]ds 
0  ^  s 


We  will  show  that  YT(uj)  e  C([0,T];*',  )  for  some  lT  >  0: 

i  1 

|Yt(uj)[^]|  <  Mt(  u>)  /  lAs*l  ds.  (3.3) 

Then  using  the  continuity  of  the  map  s  ♦  A$^  v  <p  e  4,  by  a  Baire  category  argu¬ 
ment  there  exist  9j  >  0  and  n-j-  >  pT  s.t. 

sup  1 Y  (  oj)  [  4>J  1  2  <  m3  (id)  0 1 « i  <f>  e  *  . 

OctcT  c  1  nT 


Then  Yt(w)  e  V  0  <  t  <  T  u  e  fty. 
is  Hilbert-Schmidt  and  let  {e-}.  c.  4 

J  J  *  ^  * “ 

(eVj>i  d  C0NS  f0r  ^Jty*  Then 


Let  Jt-p  >  n-j- 
be  a  CONS  for 


be  such  that  $> 

lj  nT 

4.  with  dual  basis 
\ 


l  sup  |Y  MCeJI2  <  M2(u>)02  l  Be  -  « 2  <-. 

j  =  l  0<t  <T  c  J  '  T  j  =  i  J  nT 


Hence  since  from  (3.3)  Y^ ( a>) [ 4>J  is  a  continuous  function  of  t  on  0  <  t  <  T 
for  each  $  e  4,  by  the  dominated  convergence  theorem  we  have 


1  im 
t<. 


IYt(»)  -  Yt 


(<*>)»' 


lim  l  (YtCe.  J  -  Y  [ej)2  -  0  t,tn  e  [0,T] 
t+t  j  =  l  c  J  lo  J  0 


i  .e.  Y^(  u»)  e  C([0,T];  ♦' '  )  o»  e  frr. 

i  t  1 

Then  we  have  shown  that  /  A'  c  ds  e  C([0,T];*»  )  a.s.  for  some  i,  >  0.  Hence 

0  s  s  lT  T 

taking  qT  =  max( rQ,q ,pT, *T)  we  have  that 


t 

zt  »  Y  +  /  A’  r  ds  +  W  e  C([0,T];*'  )  a.s. 

0  5  i  u  H-p 


Then  by  conditions  (ii)  and  (iii)  in  Definition  3.1,  for  each  T  >  0 


P(Zt  =  0  <  t  <  T)  =  1  Q.E.D 

Theorem  3.1  Let  (*,H,T  )  be  a  compatible  family  and  assume  that  there  exists 
rQ  >  0  s.t. 

E  H  nD 2  <  ®. 

-r 

o 

Then  (3.2)  has  a  unique  solution  given  by 

t 

if.  :  =  T^n  +  /  A'  Tt_$Wsds  +  Wt  a.s. 

i  .e. 

t 

=  nCTt*]  +  ^  Ws[Tt_sA4»]ds  +  Wt[$]  V  <fi  e  «  (3.4) 

satisfying  the  following  properties. 

a)  For  each  T  >  0  there  exists  p  =  p^  s.t. 

e  C([0,T],$'  )  a.s.  and  E(  sup  t L  i2  )  <  ®. 

pT  0<t<T  ^  -Pt 

b)  If  *  is  a  CONS  in  $p  and  £j!  :  =  ^ Cej  3  then 

0° 

l  £?  e.  converges  uniformly  in  [0 , T]  in  a.s. 

j=l  T  J  p 

c)  If  in  addition  ($,H,T)  is  a  special  compatible  family  (see 

Example  1.2  and  Remark  1.1)  from  Corollary  2.3  we  have  that 

q  >  ^  +  r2.  Then  the  solution  5  =  (^)  of  the  SDE  (3.2) 

is  such  that  5  e  C(R+;$p)  a.s.  where  p  >  max(r^  +  r2,r0) 


is  independent  of  t. 
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We  will  give  the  proof  of  (a)  and  (b).  The  proof  of  (c)  is  given  in  Kallianpur 
and  Wolpert  [7]. 

The  following  Lemma  will  be  useful  in  the  proof  of  the  theorem. 

Lemma  3.1  (Christensen  [1])  For  each  F  e  and  s  <  t 

t  t 

F[Tt_s*]  -  F[<J>]  =  /  F[Tu_sA$3du  =  /  F[ Tt _u A4>Jdu  V  $  e  *  .  (3.5) 

Proof.  Since  we  have  a  compatible  family  (<fr,H,Tt)  Tt |  <t  is  a  strongly  con¬ 
tinuous  semigroup  on  the  ^-topology  and  if 

T*  $  -  # 

f  =  e  ♦  :  lim  -  =  A$  in  the  ^-topology} 

elO  e 

then  y  is  dense  in  *. 

Then  for  all  e  y  and  0  <  s  <  t, 

h  ■  FtTu-sA»]  M 

t 

F[Tt-Sij»]  =  F[ +  /  F[Tu_sA|]du 

Next  for  some  q  >  0  |F[Tu_sA<fr] |  <  IF «_q iTu_sA*i  .  Define 

GU)  =  sup  »T  A<(>  Ba 
s  <u  ct  u  b  q 

Then  by  the  continuity  of  i  and  A  G(  $)  <  ”  V  $  e  $  and  it  is  a  lower 
semi  continuous  function  of  <t.  Then  by  the  Baire  category  argument  there  exist 
9  >  0  and  r  >  0  s.t.  Vue  [s,t] 

"Tu-sA^'q  <  9,*'r  V  ♦  e  *• 

Hence,  since  F,  T  and  A  are  continuous,  by  the  dominated  convergence 
theorem  if  >n  +  I  in  ♦  {$  }  c  t 


Q.E.D. 


1  FCTu_sA*n]du  *  J  F[T  A*]du 
s  n+«  s 

The  second  equality  in  (3.5)  follows  in  a  similar  way. 


P-oof  of  Theorem  3.1  Let 
J  e  =>  W.  (  u)  £  C(  R+ ;  $q) . 

Step  1.  For  t  >  0  the  map 
i: 


be  such  that  P(^1)  =  1  and 


t 

f  *  I  W,-[T  cA^]ds  is  continuous  and  linear  on 
0  c"s 


Let 


e  4>,  then 


t  t 

I  J  wsCTt _sA^>]ds  )  <  f  lWsil.q  lTt_s Ac|> Bqds 


<  sup  aw  i  .  R  (*)  (3.6) 

0<s<t  q 


wnere 


Next  i>n  ♦  $  in  $  implies  nTt_sA<j>n  ilq  *  ^t-s^^^q  ’  Then  dy  Fatou’s  lemma 

Rt(  $)  <  J_wn  Rt(  $n) 

i  .e.  Rt(-(>)  is  a  lower  semicontinuous  function.  For  a  e  R  clearly  we  have 

*t(ai>)  =  I  a  i  (  ^ )  and  for  4^,  <p^  c  9 


Rt($l  +  ^  <  +  * 

Hence  since  Rt($)  <  ®  V  >  e  $,  by  the  Baire  category  argument  Rt ( 4> )  is  con¬ 
tinuous  in  J>  and  there  exist  9t  >  0  and  rt  >  0  s.t. 


Then  from  (3.6),  for  each  fixed  t  >  0 


t 

/  W  [T  A*]ds  <  0f  sup  IW  I  •  8*1  i  *  e  * 

o  5  t_s  c  o<s<t  s  -q  rt 


t 

and  thus  the  map  *  ♦  /  W  [T  A*]ds  is  continuous  and  linear  on  *. 

0 

Et‘  =  l  “sCTt.sft^ds  • 

For  each  t  >  0  define 

T^n(u»)  +  f^(u))  +  W^(ii>)  if  a;  e 

A<»)  ■ 

0  otherwise 


Steg_2.  We  check  that  is  a  solution  of  (3.2).  Let  u  e  £^. 

Using  Lemma  3.1  with  F  =  W$  and  *  ■*•  A*  we  have 

t 

Ws(-)[Tt_sA*]  =  WS(<*»)[A<J>]  +  /  Ws(u))[Tu_sA2*]du 


Using  again  Lemma  3.2  with  F  =  n  and  s  =  0  we  obtain 

t 

h[Tt*]  =  n[*]  +  f  n[TuA*]du 


Substituting  (3.8)  and  (3.9)  in  (3.4)  we  have 

t 

^(w)C*]  =  n(d))C*]  +  /  h(uj)[TuA*]du  +  Wt(<u)C*] 
t  t  t 

+  I  w,(w)[A*]  +  /  /  W  (w)[T  A2*]duds 
0s  Os  5  u*s 


Write 


(3. 


(3. 


(3. 


Interchaning  order  of  integration  in  the  last  term  of  the  last  expression  and 
using  (3.4)  we  have 


(<!>)[♦]  =  n(  oj) [  <t>]  +  ^  n(  jj)[TaAij)]du  +  Wt(w)[$] 
t  t  u 

+  I  wa(w)[A$]du  +  /  /  W  ( t*»)[T  A24>]ds  du 

0  00s  u"s 

=  n(a})[(j>]  +  /q  n(  cn) C TuA<|>]du  +  Wt(a))[1j»] 

t  u 

+  /  (W  (w)[A*]  +  J  W  (u)[T  A2<J>]ds}du 
0  0  s 

1  .e.  V  ■p  e  *  and  0  <  t  <  T 

t 

^(w)C$]  =  n(  uj)  [  ^>]  +  ^  ta)CA$]du  +  Wj.(u>)[$]  u  e  . 

Hence  condition  (iii)  in  Definition  3.1  is  satisfied.  Observe  that 

(t ,  u>)  +  ^  ( ui)  is  (B  ( $'  )/(S  (H+)  x  3-  -measurable  and  for  each  t  >  0  i 

2  ^ * n-measurable  where 

^t*0  =  nC » ws C 4>] :  S  <  t,  $  e  $}  V  {P-null  sets}. 

Next,  from  (3.4),  the  assumptions  on  W  and  n  and  Step  1  we  have 

E(  sup  Ut[*])2)  <  3E(  sup  ( n[Tt $]) 2) 

0  <t  <T  0<t  <T 

t 

+  3E  (  sup  (/  W  [T  A*]ds)2) 

0  <t  <T  0  s  c"s 

+  3E  (  sup  (w  [»])2 
0<t  <T 

<  c2  m2  <  «  V  6  e  $  ( 

I  m^ 

for  some  constants  Cy  >  0  and  my  >  0,  which  shows  condition  (iv)  in 
Definition  3.1.  In  the  next  step  we  shall  show  that  ^  satisfies  (ii)  in 
Definition  3.1. 


Step  3  Let  pT  >  mT  s.t.  the  mao  ♦_  '—*•  4_  is  Hi  1  bert-Schmidt  and  let 
- —  ii  PT  mT 

{e-}.  .  £  i  be  a  CONS  in  *  with  dual  basis  (el..  a  CONS  in  <t>‘  .  Th 
J  J  Pj  J  J  'i  Pj 

using  (3.10) 

QD  00 

E(  l  sup  (^[e.])2)  <  CT  )  lie  •  l 2  <  ». 

j  =  l  0<t  <T  c  J  j  =  l  J  rnT 


Let  = 


?  =  {u>:  l  sup  (L.(<D)[e,])  <  •).  then  P(x,)  =  1. 

&  j  =  l  0<t  <T  c  J  c 


Define 


Ct(w)  = 


1  Ct((o)[ei]ei 
j»l  J  J 


(D  Jt 


Then  from  (3.10) 


E(  sup  iiij.ii2  )  ■  E(  sup  l  (Ct[ei])2)  <  CT  l  ae,  i 2  < 

3<t  <T  T  -pT  0<t  <T  j  =  l  ^  J  1  j  =  l  J  mT 


It  remains  to  show  that  the  series  converges  uniformly  in  [0,T]  in  the 


*P^-norm  and  that  ^(u)  =  ^.(<d)  a.s.  in  0  <  t  <  T. 


Define 


sn(t,<D)  =  l  M^LeJe- 
j  =  l  J  J 


sop  IS  .(t.u)  -  Sn(t,<»»)«  -*-0  as  n',n 

0<t<T  "pT 


and  S  (  • ,  ui)  c  C([0,T],$  ).  But  since  C([0,T],$  )  is  a  complete  metric 

M  -Py  -Py 

space  there  exists  Tf(oj)  eC([0,T],t.  )  s.t. 

U  -Pj 

sup  aSn(t,'D)  -  ^ ,.(«)«  _  +0  as  n  ♦  ® 

0<t<T  n  C  "PT 


nnn.nyw* 


Hence 


Isn(t,a)r  “Tim  l  ( Ct(«)[e -]) 
FT  n  n>«  j=l  J 


EUt(.)»f  .  E„.Tt,_2 


El  "  $n(t)[*]|2  <  E"  Tt  '  Sn(t),-pT  *♦*£  *  0 


n 

ETt[<{»]  =  Tim  ESn(t)[$]  =  Tim  \  E  ?t[ei  ]ei  [<»>] 

n  j  =  1  J  J 


oo  ^ 

^tC$]  =  lim  sn(t)[$]  =  )  5t[ei]ei[(>]  =  &.[♦]  a.s, 

L  n  ♦=»  n  j  =  l  ”  J  J  1 


Then  we  have  shown  that  for  each  T  >  0  3  p  s.t.  the  following  set  has 


bability  one 


nT  =  Cut:  *'(«)  e  C([0,T];  *'  )} 


Then  taking  Tn  t  «  and  n  =  H  2y  we  have  that  for  weft 

n  =  l  n 


5(w)  e  C(R+;#'). 
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Uniqueness  . 


Suppose  that  there  exists  a  $' -valued  process  £  =  (£  )  tnat  is  also  a 

solution  of  (3.2).  Then  by  Proposition  3.1  for  each  T  >  0  there  exists  a  set 

Oo  of  probability  one  such  that  if  men,  cT(w)  e  C([0,T];4l  )  for  some  nT  >  0 
J  3  nT  1 

(XLOG  take  p^  >  n^)  and 


( to)  C  <♦>]  *  y(«)[*]  +  I  ^[A^ds  +  Wt  [  4»3  V  ♦  e  *,  0  <  t  <  T. 

Fix  cu  e  $2  ^  ^3*  Then,  suppressing  w  in  the  following,  from  the  above 
expression  we  have  that  for  0  «  $  x  t  <  T  and  $  e  $ 


Ws^Tt-sA^^  =  ss[Tt_sA<J>]  "  tfTt-s^l  "  /  ^J[ATt.sA<t>]du. 


(3.11) 


Substituting  the  last  expression  in  the  second  term  of  RHS  of  (3.4)  we  obtain 


^UJ  =  nCTt<>]  +  /  Cs[Tt_sA<j.]ds  -  /  n[Tt_5A<j>]ds 


/  /  5  [AT  A<fijduds  +  W.[>] 
0  0  1  1 


and  using  Fubini's  theorem 


st[4>]  =  n[Tt4»]  +  ^  5s[Tt_sA<i)]ds  -  /  n[Tt_sA<j>]ds 


'IS  5uCATt  A<j>]dsdu  +  wr  C  1>3 
0  u  u  T”'s  1 


(3.12) 


Next,  applying  Lemma  3.1  to  F  =  y  we  have 


I  r'CTt_sA4>]ds  =  n[Tt <j>]  -  n[*]  . 


(3.13) 


since  ATt_$t  =  ^t-sA^  V  $  e  <f>  applying  Lemma  3.1  to  F  =  ^  we  have 
t  _  t  _ 

I  ^[ATt_sA*Jds  =  /  5y[Tt_sA2*]ds  -  -  ^[A*]  (3.14) 


*  ■'*  ■  *  ^  ■**-  r  - 


Then  using  (3.14)  and  (3.13)  in  (3.12) 


t  _  t  _ 

CtU]  =  nC 4>3  +  /  C$[Tt-sA^]ds  -  /  ^[Tt _u ^4>]du 

t  _  t 

+  /  C A 4>]du  +  Wt[«J>]  =  n[$]  +  ^  ^[A^jdu  +  W^. [ 4>]  =  ?u[$]. 

Thus  for  each  T  >  0 


Ct(u))[,j>]  =  (  oj)  [  4>]  V4>  e  $,  0  <  t  <  T  toe  ^2 

Hence  we  have  shown  that  for  each  T  >  0  there  exists  a  set  ft,  of  probability 
one  given  by 


=  {to:  ^(w)  ~  0  *  t  <  T} . 

oo 

Let  Tn  t  «  and  define  ft  =  O  ftj  .  Then  P(ft)  =  1  and  if  weft 

n=l  n 

^(u)  =  \(*)  V  t  >  0 

i  .e. 

P(  ^  \  t  >0)  =  1 . 

The  proof  of  the  Theorem  is  complete. 


Q.E.D. 


Remarks . 

3 . 1  In  the  case  of  a  special  compatible  family  (#,H,T  )  (Example  1.2), 
for  each  j  >  1  ^  is  the  one  dimensional  Ornstein-Uhlenbeck  process 
satisfying 


3.2  In  applications  one  usually  deals  with  an  SDE  of  the  form 
dtt  =  (-L^t  +  m)dt  +  dWt  =  L'Tj.dt  +  dZ* 
where  is  a  ^'-valued  Wiener  process  with  parameters  (m,Q),  with  me®*. 


EZ.[<j)J  *  tm[*]. 


In  this  case  we  have 


|m[<fr] I  2  +  Q( 4> » 4>)  <  en<pi*  V  *  e  « 

'  2 

for  some  9  >  0  and  r~  >  0.  Hence  in  the  case  of  a  special  compatible  family 


dTt  =  (‘Xj^t  +  mj)dt  +  dWt^j^ 


0 =  n[*P 


where  m. 

i 


The  following  result  can  be  shown  in  a  similar  way  to  Theorem  3.1 

Theorem  3.2.  Let  M  =  (M^)  ^  be  a  right  continuous  ^'-valued  martingale 

w.r.t.  ( 3  )  such  that 

E(Mt[^])2  <  ®  V  t  and  V  <f>  e  *. 

Then  the  SDE  (3.1)  has  a  unique  solution  given  by 


=  A'TU 


ds  a.s. 


(3.15) 


5tC$3  =  n[Tt(j)]  +  Hj.  C  4>]  +  ^  Ms[Tt_sA4>]ds 

with  the  following  property: 

aj  For  each  T  >  0  there  exists  Oj.  e  3"  with  P(Qy)  =  l  and 
Py  >  0  s.t. 


J(  u) 


{ ( (d)  :  0  <  t  <  T)  £  D([0,T] 


V  111  £  Hr. 


EXAMPLE  3.1  (Poisson  driven  OU-SDE). 

Consider  a  special  compatible  family  ($,HJt)  as  in  Example  1.2  where 
H  =  L  (x,dr)  for  some  X  and  a  o-finite  measure  r.  In  neurophysi ol ogi cal 
applications  (see  [7])  X  represents  the  surface  membrane  of  a  neuron,  e.g.  X 
is  taken  as  in  Example  1.3  to  be  [0,b]. 

Define  the  4-valued  martingale 

t 

YtU]  =  l  l  xa^(x)N(da  dx  ds)  {1.16) 

where 

i)  N(da  dn  ds)  =  N(da  dn  ds)  -  u( da  dn)ds 
and 

ii)  N  is  a  poisson  random  measure,  i.e.  N([0,t]  x  a  x  B)  is  a  Poisson 

random  variable  with  parameter  t»u(AxB)  for  A  e  B(R)  and  B  is  a  measurable 

subset  of  X  . 

The  i nterpretati on  is  that  N([0,t]  x  A  x  b)  =  the  number  of  voltage  pu.ses 

of  size  a  e  A  ?  R  arriving  at  sites  x  £  3  at  times  s  <  t. 


E(Yt[*]Ytl>]}  =  J  I  a2^(x)ij;(x)y(da,dx)ds 
c  c  0  Rx  X 

=  t  Q(  p,  ip) 


where 


Q(  4>,  <!»)  =  /  a2($(x))2u(da  dx) 

Rx  36 


(3.17 


In  [7]  the  semigroup  (T^)  represents  the  evolution  semigroup  describing 
the  decay  of  the  difference  ^  between  the  actual  voltage  potential  at  the 
time  t  >  0  and  the  resting  potential  on  X  ,  and  this  difference  is  modeled  as 
toe  ^'-valued  solution  of  the  SDE 


d  6^.  =  -L'^-dt  +  dYt,  E#n«_r  <  •  some  rQ  >  0  (3. IE 

o 

where  A  =  -L  is  the  generator  of  T^. 

In  this  situation  it  can  be  shown  that  there  exists  p  >  0  s.t.  for  each 

T  >  0 


?!  e  l)([0,T];$p)  a.s. 


(see  [ 7 J )  and  that  l  converges  uniformly  in  [0 , T]  to  C.  in  the  $p 

J 

topology  where 


i  *t A  •  t  -x.(t-s) 

i  =  a  *  /  e  dVsc*j] 


(3.15 


and  A  • ,  p;  satisfy  (as  in  Example  1.2)  =  A,$.  j  >  1. 


LECTURE  IV 


WEAK  CONVERGENCE  OF  SOLUTIONS  , 


At  the  end  of  the  last  lecture  (Example  3.1)  it  was  shown  how  the  membrane 
voltage  potential  at  time  t  ^  of  a  neuron  can  be  modeled  as  a  ^'-valued 
stochastic  differential  equation  driven  by  a  stochastic  process  with  stationary 
independent  increments  defined  through  a  Poisson  random  measure.  However,  it  is 
believed  that  the  pulse  sizes  are  quite  small,  making  it  reasonable  to  hope  that 
they  can  be  modeled  by  a  Gaussian  noise  process.  Let  us  now  consider  the  weak 
convergence  of  the  solutions  of  (3.14)  to  the  correspondi ng  SDE  driven  by  a 
Gaussian  noise.  Most  of  the  material  in  this  lecture  is  taken  from  [2]  and  [7]. 

i 

Sufficient  conditions  for  the  weak  convergence  of  ^'-valued  stochastic  processes 
are  given  in  [11]. 

Let  (f,H,Tt)  oe  a  compatible  family  and  A  e(B  ($').  For  each  n  >  1 
let  un  be  a  measure  on  (R  x  A,S  (R)  x!£>(a)  such  that  the  positive  definite 
bi 1 i near  form 

Qn(i>,'P)  !  a2  n[4>]n[ij/]un(da,dn)  (4.1) 

R  xA 

is  continuous  on  <f  x  <j>,  and  let  Nn  be  a  Poisson  random  measure  with  intensity 
measure  un(da,dn)dt.  Define 

Nn(da  dn  ds)  :=  Nn(da  dn  ds)  -  yn(da  dn)ds  (4.2) 


and 

t 

Yf1UJ  :=  I  /  an[*]Nn(da  dn  ds)  .  (4.3) 

0  RxA 

Y.  defined  in  Example  3.1  is  a  special  case  of  the  above  for  a  large  class  of 


spaces 
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For  n  >  1  let  mn  e  $'  and  consider  the  ^'-valued  process  cn 

=  A'  ^dt  +  mndt  +  dY^ 

rn  n 
Co  -  n 

where  nn  is  3  o-neasurable. 

The  following  result  is  proved  in  [7]. 

Jheorem  4.1  Assume  the  following  six  conditions  hold: 

1)  There  exists  r^  >  o  and  c  >  0  such  that  for  n  >  1 

UnU]2)  +  Qn(  4>,4>)  <  cijil2  V  <p  e  *. 

2 

2)  lim  Q  U,$)  =  QU.<j>)  V  $  e  $  for  some  positive  definite  bilinear 
n  ■*<» 

tinuous  form  Q  on  $  x  f. 

3)  1  im  m  =  m[$]  V  $  e  $  for  some  m  e  . 
n  -►<*> 

4)  There  exists  r3  >  o  such  that 

sup  max{Ejnni2  ,  E I  ni  r  }  <  ». 
n  "ro  "ro 

5)  5j  converges  in  law  to  n  on  ♦'  for  some  n  e  *' 

ri  r 

j  o 

6)  lim  J  i a n[ <J>] |  3  un(da  dn)  =  0  V  *  e  *  . 
n  •*<»  r<xA 

Then  for  each  T  >  0  there  exists  pt  >  0  such  that  Sn,T 
’  on  °(C0,T],*  )  where  £  is  the  unique  solution  of 


given  by 


(4.4) 


con- 


converge  weakly  to 


d  =  A  Cj-dt  +  mdt  +  dW^ 


(4.5) 


Co  =  n 


and  W  is  a  centered  <t'-valued  Wiener  process  with  covariance  functional  Q. 
Furthermore 


e  C ( [0  ,T] ;  *'  ). 

PT 


(4.6) 


We  conclude  this  lecture  by  discussing  several  important  examples  occurring 
in  applications.  They  are  discussed  in  [7],  [15]  and  [16]. 

EXAMPLE  4.1  (White  noise  current  injection  at  a  single  point  x  ), 

Let  H  =  L2([0,b],dx) ,Tt ,-L  and  4  be  as  in  Example  3.1,  i.e. 

&  =  [0,b],b  =  it,  H  =  L2(x,r=Leb)  ,L$  =  -ct<j>  + 

4>j  ( x )  =  c  j  ( cos  ( j  x ) ,  CQ  =  l//ir,Cj  =  /2/n  and  =  a  +  e(j)2. 

Assume  that  the  impulses  can  arrive  only  at  a  single  point  xq  e  [0,b] 
with  arrival  rate  measures  pn  of  the  form 

un(A  x  B)  =  uJ(A)  •  lB(x0)  A  c  B(R+),  8  e(B((0,b])  (4.7) 


where 


i? (A)  =  l  fk’n  l.(ak,n)  +  1  ff,n  lA(-ai,n) 
1  '  k“i  e  A'  t=l  1  A  i 


(4.8) 


and  a  ’  e  (0,»)  are  the  possible  sizes  of  "excitatory"  pulse  (positive)  and 
-af,n  are  the  sizes  of  "inhibitory"  pulses  (negative),  and  f^’n,  f^,n  are 
intensities  of  Poisson  processes. 

Write: 


a2 


)  fk,n  /ak,n»2  +  \  f4»n/aA,n», 

:=1  e  e  ^  i  i 


(4.9) 
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Yn  1  f"’na"*n  -  l  f  i,na 2,n 
n  k=i  e  e  £  i  1  1 


(4.10) 


xt [♦]  =  Y%(xq)  +  YJC*]  *  e  $ 


where 


YJU3  =  1  a^,n  /  /  *(x)  N^’n(dx,ds) 

*  i.  C  «/  @ 


1  a*’n  J  /  *(x)  N?»n(dx,ds) 

l  '  0  36  1 


(4.11) 


(4.12) 


and  l?’n,N*’n  are  independent  Poisson  random  measures  with  variance  measures 
given,  by  f£’n  v(dx),  f*»nv(dx)  with  v(B)  -  lB(xQ) . 

Hence  from  (4.1)  we  have  that 


Q  U.t)  =  4>(x0)  ’HXg)  on 


(4.13) 


It  is  worth  to  observe  that  { ♦j ( x ) } j > ^  does  not  diagonalize  Qn. 


For  each  n  >  1  consider  the  SOE 


-L'  s£dt  +  dx£ 


(4.14) 


An  application  of  Theorem  4.1  gives  the  following  weak  convergence  of  solutions 
of  (4.14). 


Proposition  4.1.  Assume  the  following  four  conditions  hold: 


1)  1 im  max  (ak ,n ,a *,n }  =  0. 


n  •*<»  k ,  l 


1PW 


r iwv 


f 
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!)  1  im 


n  *<o 


a2  = 
n 


for  some  0  < 


a2  < 


3)  lim  Yn  =  y  for  some  y  <  00  • 
n  +<«> 


4)  nQ  converges  in  law  to  nQ,  where  nQ  is  a  -valued  gaussian  random 

'  o 

variable  for  some  rQ  >  0 

Then  lim  Un($,<|»)  =  Q(  4>,  :=  ^(xQ)  i|»(xQ)  a2  and  £n  converges  weakly  to  C 

where  c  is  the  unique  solution  of  the  SDE 


+  dW* 


5o  =  ^ 


(4.15) 


where  W  is  a  centered  4>‘ -valued  Wiener  process  with  covariance  Q.  Moreover 
using  Example  1.3  and  Theorem  3.1(c)  we  have  that  W  e  C(R+;$p)  for  p-  >  1/4 
and  ^  e  C(R+;$^)  where  q  >  max(V4»ro)  . 

Furthermore  :=  satisfies  the  real  valued  Ornstein-Uhlenbeck  SOE 


=  C-Vj^j  +  Y4»j(x0)]dt  ♦  o|4j(x0)|dVlj 


4  =  50[*j] 


where  the  one  dimensional  standard  Wiener  processeses  Wd 
i ndependent . 


WtUjl 


(4.16) 


>  1  are  not 


EXAMPLE  4.2  (White  noise  current  uniformly  distributed  over  X  ) . 

Consider  the  previous  example  but  now  assuming  that  white  noise  injection 
can  occur  at  any  point  in  [0,b]  with  arrival  rate  measure 


un(A  x  6)  =  uJ(A)vn(8)  At3(Rt),  B  e  3 ([0,*]) 


(4.17) 
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where  ^  is  defined  in  (4.8)  and  vn  is  a  sequence  of  probability  measures  on 
y~  =  [0,b]  such  that  vn  converge  weakly  to  v  where  v  is  1/b  Lebesque 
measure.  Then  for  each  n  >  1 

b 

Qn(<j»,ip)  =  02  /  $(x)  i|/(x)  vn(dx)  t ^  e  $  (4.18) 

0 

In  this  case  the  corresponding  weak  convergence  result  is  given  by  the  following 
proposition. 

Proposition  4.2.  Assume  that  the  conditions  (l)-(4)  of  Proposition  4.1  are 
satisfied.  Then 

2  b 

a)  lim  Q  (4>,t|/)  =  Q(4>,<|»)  :=  /  $(x)\|»(x)dx. 

n  -*■<*>  0  0 

b)  5n  converge  weakly  to  £  . 

where  is  the  unique  solution  of  (4.15)  satisfying  the  same  conditions  as  in 
Proposition  4.1  with  the  difference  that  W  is  a  ^‘-valued  Wiener  process  with 
covariance  functional  Q  given  by  (a). 

The  Wiener  process  W  can,  in  this  instance,  be  defined  in  terms  of  the 
centered  2-parameter  Wiener  process  W  (0  <  t  <  T,  0  <  x  <  b)  with 

v*  y  ^ 

covari ance 

E^Wt,xWs,y)  =  5-  min(t,s)min(x,y),  (4.19) 


by 

b 

Wt^  :=  5"  5  *(x)dxWt,x* 

Fjrtner  properties  of  the  solution  ^  in  this  *.ase  have  been  investigated  in 
detail  by  J.  Walsh  [15]. 
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Theorem  3.1(c)  and  Corollary  2.3  are  examples  of  results  for  which  in  the 
case  of  a  special  compatible  family  one  can  obtain  additional  information  on  the 
spaces  where  some  $'-731060  processes  lie.  This  information  is  given  in  terms 
of  r^  (which  satisfies  condition  (1.3)  in  Example  1.2)  and  of  r^  given  in 
Corollary  2.3  and  related  to  the  covariance  functional  Q.  The  following  Lemma 
is  useful  in  determining  r^  when  Q  is  of  the  form  presented  in  the  previous 
examples. 

Lemma  4.1  Let  ($,H,T  )  be  a  special  compatible  family.  Suppose  there  exists 
r  >  0  such  that 


and 


c,  :=  sup  sup  |<Mx)|(l  +  ^-j)~r  <  00  V  $  e  $ 
x  j  J  d 


Then 


c?  :=  /  a2u(da,dx)  <•  ® 
RxX 


QU,$)  =  /  a2$(x)iHxMda,dx) 

RxX 


(4.20) 


satisfies 


QU,$)  <  eil*!2^  (4.21) 

wnere  (*j)j>i  and  ri  are  given  in  Example  1.2. 

The  proof  of  the  Lemma  is  given  in  [7]. 
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EXAMPLE  4.3 

Let  "X  =  S2,  the  unit  sphere  in  R3,  with  Lebesgue  surface  measure  r.  Let 
Aq  be  the  Laplace-Seltrami  operator 

-  (sin  ej-k^fsin  6)4*  *4-  (sin  e)'1  4!  ] 


7n 


(4.22) 


2 

(where  9,  n  are  the  Euler  angles  on  S  ).  Let  L  =  -6  +  6Ag  for  6,6  >  0 
and  H  =  L  (5(,r).  This  time  the  eigenfunctions  are  the  spherical  harmonics 
Yim(  » •  •  •  ;m  =  -4,... ,4)  with  eigenvalues  X  =  8  +  64(4  +  1)  Tor  L,  e 
for  Tt. 

Write 


•tx 


*j  3  j  =  m  +  4(4  +  1) 


(i.e.  4  =  C/J] ,  m  =  j  -  42  -  4) 


(4.23) 


Vj  •  6  +  5[/j]([j] '+  1)  . 


(4.24) 


Then 


-2r,  2r, 

l  (1  +  A.)  =  l  (2 4  +  1)[1  +  8  +  6(4  +4)]  1  <  » 

j  J  l 

if  r^  >  1/2.  Hence  condition  (1.3)  in  Example  1.2  is  satisfied  and  a  special 
compatible  family  (*,H,Tt)  can  be  constructed.  Furthermore 

SUP  1 Y  Pjti C X  )  |  2  =  (  ) 


and  therefore 


sup  sup  !  (x )  I  (1  +  X,)'^4  =  [4iT2min(  6 , 4  6 )  ]  ~ 1/4  < 
j  x  J  J 


■S 


Hence  in  Lemma  4.1  is  finite  for  r  =  1/4.  Then  by  Lemma  4.1  for  any  measure 

u  on  R  x  %  sucn  that 

/  a2u(da,dx)  <  »  (4.25) 

RxX 

we  have  that  if  Q  is  given  by  (4.26) 

<}(♦,♦)  <  9I<m2  V  $  e  4 

•  '  rl 

where  r  +  r^  >  3/4,  i.e.  =  r  +  r^ .  Then  if  q  is  as  in  Corollary  2.3 
q  *  rl  +  r2  =  7  +  J  ’  1  *e*  q  *  T  * 

A  more  general  result  is  the  following: 

proposition  4.3  Let  X  be  a  smooth  d-dimensional  compact  Riemannian  manifold 
with  smooth  (possible  empty)  boundary  3*  and  Riemannian  volume  element  dr. 

Let  L  be  a  positive,  self-adjoint  operator  on  a  domain.#  9r  H  =  L2(X,dr)  such 
tnat 

a)  C*(X)  r  (if  3x  is  not  empty,  X 'J  3X  is  compact  and 

C*(  )  =  C"-functions  on  X  whose  support  lies  in  X  .  If  3*  is  empty, 
is  compact  and  C*()C)  =  C”(X)). 

Lo  :=  L|  _  is  a  uniformly  strongly  elliptic  differential  operator  of 
.  C"(  ) 

o v 

order  2m  >  0  with  smooth  coefficients. 

c)  *8  G  W^x) ,  the  Hilbert  space  of  those  elements  in  H  with  2m  weak 
derivatives  in  H. 

Then  L  admits  a  CONS  { ^ }  of  eigenfunctions  in  H  with  eigenvalues 
{ A j }  satisfying 


Si 


n  Wj  • 

ii)  c  C"(3C) 

-2r, 

iii)  1  (1  +  X.)  1 


for  rl  >  1m 


iv)  sup  sup  U-(x)|(l  +  \-)'r  <  ®  all 
j  x  J  J 


Hence  by  condition  (iii)  above  and  (1.3)  we  have  that  a  special  compatible 
family  can  be  constructed  in  the  manner  of  Example  (1.2).  Moreover  from  (iii) 
aDove  if  u  is  any  measure  on  RxX  satisfying  (4.25),  by  Lemma  4.1  r^  >  d/2m. 
Then  if  q  is  as  in  Corollary  2.3  q  >  r^  +  r?  i.e.  q  >  3d/4m. 

Additional  examples  and  applications  of  ^'-valued  processes  can  be  seen  in 
[7]  and  references  therein. 
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LECTURE  V 


STOCHASTIC  EVOLUTION  EQUATIONS  AND 


NONLINEAR  STOCHASTIC  DIFFERENTIAL  EQUATIONS 


In  this  lecture  we  will  give  an  outline  of  recent  works  on  stochastic  evo¬ 
lution  equations  and  nonlinear  stochstic  differential  equations  on  the  dual  of  a 
Countably  Hilbert  nuclear  space. 

Throughout  this  lecture  (n.'J.P)  will  denote  a  complete  probability  space 
with  a  right  continuous  filtration  Ot)t>0  and  (4>,l*»r  ,  r  >  0)  will  be  a 
Countably  Hilbert  nuclear  space. 

1.  STOCHASTIC  EVOLUTION  EQUATIONS 

The  material  of  this  section  is  recent  joint  work  with  V.  Perez-Abreu. 

There  are  several  possible  extensions  of  the  SDE  (3.1).  For  example  one 
nay  consider  an  evolution  operator  instead  of  the  infinitesimal  generator 

-L  and/or  a  perturbation  operator  Pt>  In  this  section  we  consider  the  SDE 

dA  *  *  d“t 


where  y  is  a  "3"  0-measurabl e  ^'-valued  gaussian  random  variable  s.t. 

2 

Eiy!i_r  <  oo  some  r  >  0  and  Wt  is  a  i'-valued  Wiener  process  with 
o  J  L 

covariance  Q.  By  Theorem  2.1.  W.  e  C(R,V)  a.s.  for  some  q  >  0.  The  opera¬ 
tors  Aj.  and  P^  from  $  to  $  are  assumed  to  satisfy  the  following  con¬ 
ditions: 


Assumptions  on  A, 


a)  For  each  t  >  0  A  •  $-*■<}  is  a  continuous  linear  operator. 


b)  For  each  4  e  $  the  map  t  +  A^.4  is  continuous. 

c)  is  the  generator  of  a  two  parameter  semigroup  T(s,t) 

0  <  s  <  t  <  ®  (T(s,t)  =  T(s,t')T(t\t)  s  <  t'  <  t,  T(t,t)  =  I),  i.e. 

•gY  T(s,t)4»  =  T(s,t)A^  4  Y4  £  4  0  <  s  <  t 


T(s,t)<ji  =  -A  T(s,t)4  V4  e  4  0  <  s  <  t  . 


d)  For  s  <  t  T(s,t):  4  +  4  is  a  continuous  linear  operator, 

e)  lim  T ( s , t ) 4>  =  T(s,tn)4  in  the  4-topology  for  each  s  fixed  and 
t+to 

0  *  s  <  t0.  4  e  4,  and  lim  T(s,t)4  =  T(sQ,t)4  for  each  t 

S+So 

fixed  and  0  <  sQ  <  t,  |  e  4, 
d)  for  each  T  >  0  and  n  >  0 


sup  HT(s,t)<fr»  <  «  V  4  e  4. 
0«<t<T  n 


Assumptions  on 


e)  For  each  t  >  0  P^;  4+4  is  a  continuous  linear  operator 

f)  There  exists  a  sequence  of  semi  norms  {ill  •  ti  ;  n  >  0}  on  4 
generating  an  equivalent  topology  as  that  given  by  the  Hilbertian  norms 
{a*8n;  n  >  0}  such  that  the  following  holds: 


i)  for  each  T  >  0  there  exists  mT  >  0  s.t.  for  m  > 


mT  Pt 


has  a  continuous  linear  extension  to  4 |m |  (hi  .ji  m-completion 
of  4)  and  the  map  s  -*■  P  4  is  4|mi-continuous, 


5 


t.f. 


ii )  for  each  T  >  0  there  exists  mT  >  o  s.t.  for  m  >  nvj-  3 
K(m,T)  >  0  and 

sup  II  P  T(s,t)*ll_  <  K(m,T)  ll  $11  V  *  e  $ 

0  <s  <t  <T  5  m  m 

Observe  that  condition  f  (ii)  above  can  be  obtained  using  f  (i)  if  we  assume  that 
for  each  T  >  0  and  m  >  0 

sup  18  T(  s  ,t )  <  D(m,T)ll  $11  _  V  $  e  * 

0  <s  <t  <T  m  m 

for  some  D(m,T)  >  0. 

Definition  5.1  We  say  that  the  SDE  (I)  has  a  ^'-valued  solution  £  =  (^)  - 

if  the  following  four  conditions  hold: 

i)  ( L)  is  3-  .--adapted  and  ^'-valued. 

t  t 

+  /  Ss[A$$]ds  +  /  £$[Ps4>]ds  +  Wt[ 4>]  V  $  e  $ 

a.s.  Vt  >  0. 

iii)  5.  e  C(R+;*')  a.s. 

iv)  For  each  T  >  0 

E(  sup  l£ r C^J | 2)  < 

0  <t  <T  1 

Proposition  5.1  If  is  a  solution  of  the  SDE  (l)  then  for  each  T  >  0 

there  exist  >  0  and  a  version  of  £  (denoted  also  by  £)  such  that 

?!  e  C([0,T];«;  )  a.s. 
qT 


The  proof  of  tnis  proposition  is  done  in  a  manner  very  similar  to  Proposition 
3.1. 


Remark  1.  Condition  (iv)  in  Defintion  5.1  is  implied  by  the  following  con¬ 
dition:  For  each  T  >  0 

T  T 

E  J  ( 5c[A  $])2ds  +  E  /  (  £.[P  $])2ds  <  «•  V  $  e  4. 

0  0  5  s 


Theorem  5.1  Let  y  and  «  -  I'Voo  be  as  in  the  beginning  of  this  lecture 
and  suppose  that  At  and  Pt  satisfy  the  assumptions  (a)-(d)  and  (e)-(f) 
respectively.  Then  the  SOE  (I)  has  a  unique  solution  £  =  Ut)t>0  such  that 
for  each  T  >  0  there  exists  PT  >  0  and 

d  e  C( [0,T] ; )  a.s. 

PT 

and 

E(  sup  #£»2  )  <  «. 

0<t<T  "PT 

Moreover  £^  is  a  ^'-valued  gaussian  process. 

Proof.  The  idea  is  first  to  show  that  the  unperturbed  SDE 


dnt  =  At  ntdt  +  dWt 

n0  =  y 


(II) 


has  a  unique  solution.  This  is  done  a  manner  entirely  similar  to  the  argument 
in  Theorem  3.1  using  Lemma  5.1  below  instead  of  Lemma  3.1,  and  using  only  the 
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a 


t 


assumptions  on  A^.  The  solution  is  given  by 

t 

%[*]  =  yCT(  0  ,t )  4>]  +  /  w  [A  T(s,t)*]ds  +  Wf[*]  .  (5.2) 

L  0  s  c 

The  next  step  is  to  show,  by  the  method  of  successive  approximations,  that 

the  stochsatic  equation 


=  /  T'(s,t)P£  ?sds  + 


(5.3) 


has  a  unique  solution  on  C ( R+ ;*'):•  The  process  given  by  (5.2)  has  the 
property  that  for  each  T  >  0  there  is  a  qT  >  0  s.t.  E ( Cy) 2  <  «  where 


CT(  oi)  :=  sup  u  n,.  (  uj)  n  . 
1  0<t  <T  x  -c 


(5.4) 


Next,  using  assumption  (f)  there  exist  constants  c •  =  c^(T,qT)  i  *  1,2  mj  >  0 
and  nT  >  o  s.t. 


<  c.  n  <t> <  c0  a 4>j 
qT  1  2  r  n-j- 


V  $  e  $  . 


(5.5) 


From  (f)  (ii)  it  then  follows  that 


(5.6) 


sup  nP ,T(s,t)(Mm  <  Kt  d cj> II  V  <j>  e  4>  . 
0  <t  <T  S  mT  T  "’T 


Cx(uj)  <  »} 


then  P(^)  =  1.  For  m  e  and  0  <  t  <  T  define  the  sequence  of  successive 
approximations 


»  •  "*•  •»""  m "  *  -4  ^ 


Then  for  each 


Hence,  using 
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5^(oj)  =  ^(u) 

.  t 

CM  =  ]  T*  (s,t)P*  ?°(u>)ds  +  nt(u>) 
z  0  s  s  z 


t  . 

*  /  T,(s,t)PM-1(o,)ds 
0  s  s 


+  nt(a>) . 


n  >  0  and  $  e  <t 


,  t 

Cf[*]  =  /  ns[PsT(s,t)*]ds  +  r^U] 


SnUJ  =  1  «J-1[PST(  s,t)*]ds  + 


t  S1  sn-2 


/  /  •••  /  ^5  T(  s  .  ,s  2)  • • • 

00  0  n-1  sn-l  n  1  n  6 

Ps1T(s1»t)*]dsn-1  dsl 


t  S1  sn-. 


+  /  /  —  /  CPS  T(s  2,s  ,)... 

sn-2  sn-2  n  1  n  J 


0  0  0 


Ps^T(s1,t)4>]dsn_2...ds1 


+  ...  + 


5.5)  and  (5.6)  one  shows  that  the  above  integrals  are  well  defined 


and  moreover 


and 


UnML*]  -  fU)U]|  <  cT(u»)c1c2( 


n 

k=m+l 


(KTT)n 


TT 


i  4>  e  <t> 


(5.8) 


Then  for  each  neSlj,  0<t<T  and  $  t  t  5y(w)  is  a  ♦  ' -valued  element  for 
n  ^  1,  Ct(u))[4>]  =  lim  f£(w)[l>]  exists  and 


,  kTT 

sup  |  5t(d>)C^]  j  <  CT(w)c,c,e  « 4>  V  4 >  e  $  . 
0  <t  <T  1  c  nT 


(5.9) 


Hence  ^(u)  e  Moreover  let  lj  >  nT  be  such  that  the  injection  map 

*tTC’>  *qT  is  Hi  lbert-Schmidt  and  let  (4>j}j>19  $  be  a  CONS  for  with 

dual  basis  ( ^ j ) j  >1  a  CONS  for  THen  from  (S.9)  we  have 

®  2K  T  00 

SUP  1  lst(u))[<^i]|2  <  C2(u.)c2c2e  1  )  a<4>- 11 2  <- 

0<t  <T  j  =  l  J  112  j  =  l  J  nT 


and  therefore  for  0  <  t  <  T  and  u  s  a 


1 


=  l  5t(a>)[4>1-]$1- 
j-1  J  J 


(5.10) 


is  a  well  defined  element  of  *'  and  It(u>)[*]  =  ^(u>)[*]  V*  e  *.  From  now 
on  we  will  write  ^  instead  of  ct- 

Next  we  shall  show  that  ct  is  a  solution  of  (5.3):  From  (5.7)  and 
assumption  f(ii)  we  have  (suppressing  u  e  si^  in  the  writing) 


Then  since 


5n_1[PsT(s,t)*]|  < 


TK.T 

^  CyC^e  Ky  ft  $  B 


"r 


<  « 


V  $  e  4,  n>l,  0  <  s  <  t  <  T. 


^(w)[<l>]  *  j  ^_1(  w>[PsT(s,t)  4»]ds  +  nt(u))[(Ji],  a  e  tlj  , 
by  the  dominated  convergence  theorem 

t 

£*■[♦]  =  1  im  sJC*]  =  lim  /  5?  LP-T(s,t)$]ds  +  nr[$] 
n  —  1  n+»  0  s  s  c 

t 

=  I  ^s^psTs,t^-*ds  +  ntC^»  v  <j»e*0<t<T.  a.s.  (5.11) 


which  shows  that  ^  satisfies  condition  (ii)  in  Definition  5.1. 


Next  we  shall  show  that  £,e  C([0,T];#'  )  a.s.  for  some  pT  >  0.  Let 

PT  1 


t.,t  e  [Q,T].  Then  using  Lemma  5.1  below  it  is  not  difficult  to  show  that  for  u>  e  Q 


1/  5u(«)CPuT(-j.t)#]du  -  /  ^U)CPuT(u,t0)*]du|  <  CT(w)0T»^«rT|t-tol 

for  some  0y  >  o  and  rj  >  0.  Hence  the  process 


t 

ZtU]  :»  ^  5u[PuT(u,t)$]du 

is  a  continuous  process  in  t  e  [0,T]  for  each  $  e  9.  Hence  from  (5.11)  we 
have  that  ^[4]  is  also  a  continuous  function  of  t.  Moreover, 


sup  |  5..  (<*>)[♦]  |  <  (C-r(ai)0T  +  Cr(  id)  }  ft  tar  ¥9  e  9  wen.,.  (5.12) 
0  <t  <T  ”  ill  rT  1 


Next  let 
and  let 


Py  >  ry  be  such  that  the  injection  map 

Ce - } .  .  C  9  be  a  CONS  for  $  with  dual 
J  J Pj 


9.  is  Hilbert  Schmidt 
PT  T  ^ 

basis  a  CONS  for 


a 


.  Then  from  (5.12) 


sup 
0<t  <T 


1  I^CeJI^  <  (CT0T  +  CT)"  l  le^*  <  -  . 

j=l  J  11  1  j=l  J  ‘T 


Hence  for  u  £  ^  define 


L(w)  =  )  f  (w)[e,]e.  which  is  an  element  i 

T  j-1  ^  J  J 


in  ♦  . 

PT 


5^  (<*>)[$]  =  5^(<i))[4i]  i  $  e  $  0  <  t  <  T,  u  e 


From  now  on  we  write  ^  instead  of  £t .  Then  by  the  dominated  convergence 
theorem,  since  Cj. ( ou) [ej  ]  is  continuous  on  t  for  each  j  >  1  we  have 


1  im  a 
t+t„ 


5t  -  Ct  if  =  lim  l  (5tCej]  -  ^  CeJ) 
o  -Pt  ftrt  j-1  ^  J 


=  l  (^CeJ  -  Ce. 
j«l  ttn  J  ro  J 


]T  =  0  tQ  e  [0,T] 


Then  sT(u>)  e  C([0,T];  V  )  for  some  PT  >  0  and  me  ^  where  P(n1)  =  1, 


Also  from  (5.4)  and  (5.12)  we  have  that  for  each  T  >  0 


E(  sup  UrO]|2)  <  »  V  <p  e 
0  <t  <T  z 


which  shows  condition  (iv)  in  Definition  5.1.  Moreover  from  (5.12)  and  since 


E(C^)  < 


E(  sup  Ka2  )  <  E(CtDt  +  Ct)2  l  ae^ii2  <  ». 
0 <t <T  "PT  11  j-1  J  rT 


A  simlar  argument  to  that  at  end  of  Step  3  in  Theorem  3.1  gives  condition  (ii) 


in  Definition  5.1,  i.e. 


5  e  C(R.  ;  <t> ’  )  a.s. 

•  T 


Hence,  5  is  a  solution  of  (5.3). 


To  show  uniqueness  let  X  be  any  solution  of  (5.3).  For  the  present  assume 


that  X  sastisfies  the  following  condition: 


(*)  For  each  T  >  0  there  exists  p|  >  0  s.t.  x|  e  C([0,T];  )  a.s. 


W.L.O.G.  let  p|  >  and 


=  {w:  sup  ■  X*.  (  uj)  l  <  *} . 
&  0  <t  <T  1  -pT 


Then  P(a2)  =  1.  Fix  meUjOi^  and  let  0  <  t  <  T.  Then  for  each 
(suppressing  ui  in  the  writing) 


Xt[*J  »  /  Xs[PsT(s,t)^]ds  + 


Next,  if  ^  is  the  sequence  of  successive  approximations  defined  prior  to 


(5.7)  we  have 


xtU]  -  Sj-U]  3  /  Xs[PsT(s,t)$]ds 


t  t 

xtC+]  -  CM  =  /  X  CP  T(s,t)*]ds  -  /  C[PJ(s,t)*]ds 
t  0  *  5  0  s  s 


XtU]  -  =  Jj  (Xs[PsT(Sft)*]  -  «J"l[PsT(s,t)*])ds 


Hence 


s,  s. 


XtC*]  -  =  )  J1---  ?-1CXs  [P  T(s  ,5  T(s,  , t ) <t> 

T  0  0  0  sn  sn  n  n_1  S1  1 


^5  CPS  T(sn,sn_i)  •••  Pj  T(  s^ ,t ) $]}dsn . . .ds 


(5.13)  t  S1  sn 

=  //.../  X.  CP,  T(s  .  ,s  )  ... 


>  >  •••  J  'S  ,  i-’  c  ’v  ^>n  +  i  ,3  , 

00  0  n+1  5n+l  n+1  n 


$1T(  Si  »t)^]dsr1+^. .  .ds^ 


Then  using  inequalities  similar  to  (5.5)  and  (5.6)  it  follows  that 

( K  T ) n 

I XtU]  -  <  sup  nxt!i  c,c?  —L —  I»I_ 

c  T  0<t<T  PT  L  d  n-  171 

for  some  positive  constants  cpC2, Kj  and  m.  Hence 

sup  |Xt[*]  -  sn[*]|  +0  as  n  +  «  . 

0  <t  <T  c 

Thus  P(Xt  =  ^  0  <  t  <  T)  =  1  and  a  similar  argument  to  that  at  the  end  of 

Step  4  in  Theorem  3.1  gives  that  P(Xt  =  ^  t  >  0)  =  1. 

The  next  step  is  to  show  that  the  solution  5,  of  (5.3)  obtained  above  is 
also  a  solution  of  (I).  In  order  to  do  that  we  need  the  following  Lemma. 

Lemma  5.1  Suppose  conditions  (a)-(d)  on  At  hold  and  let  8  be  any  continuous 
linear  operator  from  <s  to  <&.  Then  for  each  F  e  and  0  <  u  <  t 

t 

a)  F[BT(u,t)  =  F[B$]  +  /  F[8T(u,s)Asij)]ds  V  <p  e  $ 

u 

t 

b)  F[BT(u,t)<t>]  =  +  /  F[BAsT(s,t)$]ds  i  <p  e  t. 

The  proof  of  the  Lemma  is  similar  to  that  of  Lemma  3.1  using  the  Kolmogorov 
Forward  and  Backward  equations: 

^•T(u,s)$=T(u,s)As$  Q  <  u  <  s,  <j>e* 

■jjj  T(u,s)=  -AuT(u,s)$  0  <  u  <  s,  e  <fr. 

End  of  the  Proof  of  Theorem  5.1 


We  shall  show  that  5  is  also  a  solution  of  (I)  and  that  it  is  unique. 
Let  a  £  !ij  then  from  (5.11)  (suppressing  u>  in  the  writing)  we  have 
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1 


SB 

sa 


^ [ ^3  =  /  Cs[PsT(s,t)$]ds  +  [ <)>]  V  $  e  *  0  <  t  <  T  .  (5.14) 


Next,  applying  Lemma  5.1(a)  with  B  =  Pu  and  F  =  ^  we  have 


Su[PuT(u,t)$]  =  £.CPU«]  +  /  5u[PuT(li,s)A  ♦Ids 
‘  •  u 


and  therefore 


t  t  t  t 

I  5n(w)[P T(u,t)$]du  =  /  5u(a>)[Pu4>]clu  +  /  /  5u(w)[P1JT(u,s)A  *]dsdu 
0  0  0  u  5 

t  t  s 

=  I  U oi)CPtl<t.]du  +  /  /  t1(o»)CPuT(u,s)A .♦]duds.  (5.15) 
0U  u  00 

But  from  (5.14)  since 


D 


!5CAs*]  =  I  Cu[PuT(u,s)As4»]du  +  ns[As$], 

using  the  above  expression  in  the  second  term  of  (5.15)  we  obtain 
t  t  t  t 

/  Su[PuT(u,t)(|>]du  =  /  ^[P^jdu  +  /  Cs[A$1j.]ds  -  /  ns[As4>]ds.  (5.16) 


But  also  from  (5.14)  we  obtain 


^  =  -  r'tU]« 


Hence  from  the  above  expression  and  (5.16), 


£tC*J  -  r^d 4»]  =  /  CjCPj^jds  +  ^[A^jds  -  /  ns[As<f>]ds 


StU]  =  /  C5CP$^]ds  +  £  C$[As^]ds  +  ntC«3  -  ^  ^[A^lds 


but  since  r^C*]  -  /  As 4>]ds  =  y[ 4>]  +  Wt[$], 


'•V*! 


St[4>]  -  /  ^5 C Ps 0]ds  +  ^  Cs[As^]ds  +  yC +  Wt[f]  V  <)>  e  ♦, 


i.e.  dct  =  A^dt  +  P^dt  +  dWf 

Finally  we  shall  show  the  uniqueness  of  the  solution  (I)  proving  that  any 
other  solution  ^  of  (I)  satisfies  the  SDE  (5.3).  Let  be  the  set  of  pro¬ 
bability  one  given  by  Proposition  5.1  s.t. 


5  e  C([0,T] ; $'  )  a.s. 
qT  . 


t  _  t  __ 

=  yC 4>]  +  /  ^[A^Jds  +  /  Cs[Ps<j)]ds  +  wt[*] 


V  4>e«tO<t<T  a.s. 


(5.17) 


WIO'G  we  can  take  qT  >  p^..  Let  u  e  Sl^O  Then  (suppressing  u>  in  the 
following)  from  (5.17)  we  have  that  for  0  <  s  <  T 


W.[AJ(s,t)$]  =  S.[AJ(s,t)$] 


AsT(s,t)*]du  - 


^  5u[AuAsT(s,t)4>]du  -  y[A$T( s.t )$].  (5.18) 


On  the  other  hand  from  (5.3)  and  (5.2)  if  0  <  t  <  T 
t  t 

4C*]  -  /  C[P,T(s,t)<))]ds  =  /  W  [A  T(s,t)$]ds  +  y[T(  0,t )  4>]  +  Wt  [  4>  ] .  (5.19) 

0  s  0 


Hence  using  (5.18)  in  (5.19)  we  have 


£♦■[$]  -  /  C[PJ(s,t)<>]ds  =  /  C,[A  T( s ,t )  4>]d s 
0  0  5  s 

t  s  _  t  s  _ 

-II  £,!>  A  T{$,t)$]duds  -II  £j[A  A  T(s,t)<j>]duds 
00  00  us 

t 

-  /  y[A  T(s,t)4>]ds  +  yCT( O.t ) <J>]  +  W.O]  .  (5.20) 

0 


Next ,  using  Lemma  5.1(b)  with  F  =  y»  8  =  I  we  have 

t 

-  I  hrCA  T(s,t)4>]ds  +  Y[T(0,t)(j>]  =  y[*].  (5.21) 

0  s 

Again,  applying  Lemma  5.1(b)  with  F  =  B  =  Pu  and  with  F  =  and 

8  =  A^  we  have  the  following  two  expressions 
t  _ 

-I  Wjts.tUJds  =  TuCPu4«]  -  Cu[PuT(u,t)4»]  (5.22) 

t  _ 

-i  ^[AuAsT(s,t)^]ds  =  ?U[A^]  -  CuCAuT(u.t)«J»].  (5.23) 


Hence,  using  (5.21),  (5.22)  and  (5.23)  in  (5.20)  we  have 

t  t  __  t  _ 

^ C 4>J  -  /  CS[PST( s , t ) <<>]ds  =  /  CSCAST( s ,t ) d>]ds  +  /  ^[P^ldu 

t  _  t  _  t  _ 

•  /  CuCPuT(u ,t ) (}>]du  +  ^  Cu[Au^]du  -  ^  Cu[AuT(u,t)4>]du 

+  yC  4>3  +  wt[$], 


that  is, 

t  t  _  t 

^U]  -  ^  5s[PsT(s,t)$]ds  =  ^  ^[P^Jdu  +  ^  ^[A^jdu 

t 

+  y[$]  +  [ Pu T (  j  , t )  $]du . 


Then  using  (5.17) 


_  t  _  t 

^t[5]  -  ^  ^[PsT(s,t)$]ds  =  StU]  -  ^  Cs[PsT(s,t)4>]ds  =  ntC*], 


i*e*  ^>r  satisfies  (5.3).  The  uniqueness  now  follows  from  the  uniqueness  of 
the  solution  of  the  SDE  (5.3)  using  Proposition  5.1,  which  gives  condition  (*) 
Finally  the  Gaussian  property  of  the  solution  r  follows  from  the  fact 


that  for  each  $  e  <t  £^[$1  is  the  a.s.  limit  of  a  sequence  (the  successive 


approximations)  of  gaussian  random  variables. 


Q.E.O. 


Special  case.  Let  A  =  -L  be  the  infinitesimal  generator  of  a  one  parameter 
semigroup  as  in  Lecture  3  and  consider  the  SDE 

=  -L'  ^dt  +  p^dt  +  dWt 
5o  *  * 

The  unperturbed  equation  is  a  model  used  in  neurophysiological  applications 
(Example  3.1  and  Lecture  4).  However  it  is  important  to  observe  that  in  this 
field  the  kind  of  perturbation  that  occur  are  more  likely  to  De  nonlinear  rather 
than  linear. 


Example  5.1.  This  example  occurs  in  fluctuation  theorems  for  interacting  par¬ 
ticle  diffusions  and  has  been  considered  by  McKean  [9],  Hitsuda  and  Mitoma  [4] 
and  Mitoma  [12]. 

For  n  >  1  let 


=  (Y[n>(t) . Y^U)) 


oe  an  n-particle  diffusion  given  by  the  SDE 


Crf » 1 


Yk(t)  =  Yk  +7T  ^  /  a(Vjn)(s),v]n)(s))dBk(s) 


+  £  l  /  b(y[n)(s),Y(n)(s))ds  (k  = 
nj  =  l  0  k 


where  ( Yk,Bk )k ^  are  independent  copies  of  (y,B)  and  y  is  a  random 
variable  independent  of  the  real  valued  Brownian  motion  Bt.  The  coefficients 
a(x,y)  and  b(x,y)  are  bounded  C  “-functions  in  (x,y). 


For  each  t  >  0  consider 


u(n)(t)  =  I  l  &  . 

n  j  =  l  Yj  n  ( t ) 

where  <5^  is  the  unit  mass  at  x.  U^(t)  is  a  measure  valued  process. 


McKean  [9]  has  shown  that 


i  *  d  •  S  * 

U^(t)  ♦  u(dx,t) 


where  u(dx,t)  is  the  probability  distribution  of  X(t)  that  satisfies 


dX(t)  =  <x(X(t),t)dB  +  g(X(t),t)dt 


where 


a(x,t)  :=  /  a(x,y)u(dy,t) 
R 


S(x,t)  :=  /  b(x,y)u(dy,t). 
R 


Moreover,  McKean  [9]  has  also  shown  that  u(dy,t)  has  a  density  u(x,t)  and 
tnat  a(x,t),  8(x,t)  and  u(x,t)  are  C“-functions  in  R  x  R  , 


Sn(t)  =  /n  [U(n)(t)  -  u(-,t)]. 


Hitsuda  and  Mitoma  [4]  have  shown  that  the  measure  valued  processes  S  (.)  con¬ 
verge  weakly  to  the  solution  £  =  (£^)  of  the  stochastic  evolution  equation 

d£t  =  A^dt  +  P^dt  +  dWt  (5.24) 

where  for  $  e  $ 

(At4»)(x)  =  |  ci(x,t)  V2)(x)  +  3(x,t)<fr(1)(x)  (5.25) 

(Pt*)(x)  =  l  b(y,x)<f.^^(y)u(y,t)dy 
R 

+  /  a(y,t)a(x,y)4,^2^(y)u(y,t)dy  (5.26) 

R 

and  Wt  is  a  zero  mean  <t'-valued  gaussian  process  with  independent  increments, 
wQ  =  0.  As  pointed  out  in  Mitoma  [12],  the  nuclear  space  appropriate  to  the 
problem  is  given  by  the  space  4>  of  real  valued  functions  <j>  such  that  <}>  e  4> 
iff  >KX)  4>(x)  e  5  where 

\|i(x)  =  /  e"  lz  I  p( x  -  z)dz 
R 

and  p  is  the  usual  mollifier 

c*  exp(l/(L  -  | x  1 2 ) )  |x|  <  1 

p(x)  = 

0  | x |  >  1. 

Notice  that  $  is  a  modification  of  with  the  following  relations  among  the 
norms  defining  their  correspondi ng  topologies: 
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wnere 


m  f  hi 

n,A 

=  sup 

sup  1  Dkf ( x ) |  n  >  1 

(5.29) 

0  <  j  k  <n 

xeR 

lfSn  5 

n 

n 

=  1  / 

(1  +  x2)2n|Dkf(x)|2dx  n  >  1. 

(5.30) 

k=0  R 

It  can  be  shown  (see  [12])  tnat  under  the  above  conditions  the  SDE  (5.24)  satis¬ 
fies  the  assumptions  of  Theorem  5.1  and  therefore  S  (•)  converge  weakly  to 
the  unique  solution  of  the  stochastic  evolution  equation  (5.24). 

The  example  just  discussed  is  an  instance  where  the  two  parameter  evolution 
semigroup  T(s,t),  its  generator  At  ad  the  perturbator  Pt  can  all  be  defined 
directly  on  a  countably  Hilbertian  nuclear  space  $  so  as  to  satisfy  the 
assumptions  stated  at  the  beginning  of  this  lecture.  It  is  worth  noting  that, 
in  many  cases,  these  operators  may  be  more  naturally  defined  on  a  Hilbert  or 
Banach  space,  as  e.g.,  in  the  work’of  Kato  and  Tanabe  [8,  14].  In  such  cases 
the  problem  of  finding  a  $  for  which  the  assumptions  concerning  At  and  P^ 
are  valid,  has  to  be  solved  first  before  the  results  of  this  lecture  can  be 
appl ied. 

2.  -VALUED  DIFFUSION  STOCHASTIC  DIFFERENTIAL  EQUATIONS 


A  more  general  ^'-valued  SDE  is  given  by 


d^  =  A(t,5t)dt  +  B(t,5t)dWt 
?o  =  * 


(5.31) 


where  the  coefficient  functions  A,  B  are  of  the  following  type 


a)  A:  R+  x 


b)  B:  Rr  x  $'  -►  £,(*'  ) 

where  «&($', 4')  denotes  the  class  of  all  linear  continuous  operators  from  $' 
to  ,  y  is  a  $' -valued  random  variable  and  W  is  a  ^'-valued  Wiener  process 
with  covariance  Q.  In  this  case  it  is  necessary  to  define  a  stochastic 
integral  of  the  type 

t 

J  f  (w)dW  (w) 

0  s 

where  f c  ( a,)  e 

The  following  are  conditions  under  which  a  unique  solution  to  (5.31)  exits: 

For  each  T  >  0  and  sufficiently  large  m  >  0,  there  exist  numbers  r  >  2, 

9  >  0  and  p  >  m  such  that  A,  B,  the  initial  measure  uQ  for  ?g  and  the 
covariance  functional  Q  satisfy  the  following  properties 

(1C)  -  Initial  Condition 

/  -u.>0(du)  <  ® 

41 

(CC)  Coercivlty :  Let  jn]  be  the  canonical  isomorphism  between  and  4^. 

For  each  t  <  T  and  u  e  $ 

2At(J^)[u]  +  (.-  -  D'O  <  9(1  ♦  "Jm(u)  nfra) 

8  •  * •  B _rfl  is  the  trace  norm  of  the  nuclear  operator  determined  by  the  bilinear 

form  Q  where 

B%(u) 

Q  .  ( 4>,  ^)  =  Q(B*(u )  4,B*(u )  'll)  4,<J»  e  4  . 

B*(u)  c  C 

and,  B*(u)  e  4,  4)  is  the  adjoint  operator  defined  by  the  relation. 

Bt(u)  f[$]  =  f[B*(u)4>]  for  all  f  e  1>*  and  all  4  e  4 


(LG)  Linear  Growth  for  each  t  <  T  and  u  e  $' 
-  m 


At(u)  €  «' 


llAt(u)n_2  <  0(i  +  »u_2  ) 


«Q  9 


<  I  e2/'r(i  +  Sun2  ) 


*(u)  -m,-m  2 


(MC)  Monotonicity.  For  ecah  t  <  T  and  u,v  e 


At(u),At(v)  e  *' 


2(u  -  v,At(u)  -  At(v))_  +  (r  -  1) HQ 


B*(u)  -  3*(v)  -P»"P 


<  09u  -  V  9 ' 


(JC)  Joint  Continuity 


A:  [0,T]  x  ■+■<$' 


B:  [0,T]  x  *•  -  £(«',*•) 
are  each  jointly  continuous. 

The  proof  of  the  existence  of  the  solution  will  appear  in  a  forthcoming 
paper  by  G.  Kallianpur  and  R.  Wolpert. 


-85- 


[1]  Christensen,  S.K.  (1985),  "Linear  stochastic  differential  equations  on  the 
dual  of  a  countably  Hilbert  Nuclear  space  with  applications  of 
Neurophysiology" ,  Tech.  Rept.  104  Center  for  Stochastic  Processes,  The 
University  of  North  Carolina  at  Chapel  Hill. 

[2]  Christensen,  S.K.  and  G.  Kallianpur  (1985),  "Stochastic  differential 
equations  for  neuronal  behavior".  Tech.  Rept.  103  Center  for  Stochastic 
Processes,  The  University  of  North  Carolina  at  Chapel  Hill. 

[3]  Dellacherie,  C.  and  P.  Meyer  (1982),  "Probabilities  and  Potential  B",  North 
Holland,  Amsterdam. 

[4]  Hitsuda,  H.  and  I.  Mitoma,  "Tightness  problem  and  stochastic  evolution 
equations  arising  from  fluctuation  phenomena  for  interacting  diffusions", 
Prepri  nt . 

[5]  ltd,  K.  (1978),  "Stochastic  analysis  in  infinite  dimensions".  In.  Friedman, 
A.  Pinsky,  M.  (eds.),  Stochastic  Analysis,  Academic  Press,  New  York. 

[5]  ltd,  K.  (1983),  "Distribution-valued  processes  arising  from  independent 
Brownian  motions",  Math.  Z.  182,  17-33. 

[7]  Kallianpur,  G.  and  R.  Wolpert  (1984),  “Infinite  dimensional  stochastic  dif¬ 
ferential  equation  models  for  spatially  distributed  neurons",  Appl .  Math. 
Optim.  12,  125-172. 

[8]  Kato,  T.  (1970),  "Linear  evolution  equations  of  hyperbolic  type",  J.  Fac. 

Sci .  Univ.  Tokyo,  Sec.  I,  17,  241-258. 

[9]  McKean,  H.P.  (1967),  "Propagation  of  Chaos  for  a  class  of  nonlinear  parabo¬ 
lic  equations",  in  Lecture  Series  in  Differential  Equations  2,  pp.  177-193, 
Van  Nostrand  Math.  Studies  19,  New  York. 

[10]  Mitoma,  I.  (1981),  "Martingales  of  random  distributions",  Memoirs  Fac.  Sci. 
Kyushu  Univ.  Ser.  A  35,  1,  185-220. 

[11]  Mitoma,  I.  (1983),  "Tightness  of  probabilities  on  C([0,1];  ')  and 

D( [0,1];  ')",  Ann.  Probab.  11,  989-999. 

[12]  Mitoma,  I.  (1985),  "An  --Dimensional  inhomogeneous  Langevin  equation",  J. 
Funct.  Anal.  61,  3,  342-359. 

[13]  Perez-Abreu,  V.  (1985),  "Product  stochastic  measures,  multiple  stochastic 
integrals  and  their  extensions  to  nuclear  space  valued  Wiener  processes". 
Tech.  Rept.  107  Center  for  Stochastic  Processes,  The  University  of  North 
Carol ina  at  Chapel  Hill. 

[14]  Tanabe,  H.  (1975),  "Equations  of  Evolution",  Monographs  and  Studies  in 
Mathematics  6,  Pitman,  London. 

[15]  Walsh,  J.B.  (1981),  "A  stochastic  model  of  neuronal  response",  Adv.  Appl. 
Prob.  13,  231-281. 

[16]  Wan,  F.Y.M.  and  H.C.  Tuckwell  (1979),  "The  response  of  a  spatially  distri¬ 
buted  neuron  to  white  noise  current  injection",  Biol.  Cybernetics  33,  39-55. 


